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Access	through	your	institutionVolume	25,	Issue	2,	February	2015,	Pages	597-607	15)63642-1Get	rights	and	contentammoniacal	cyanide	leachingView	full	text	We	have	the	equipment	and	expertise	needed	to	design	the	most	efficient	and	cost-effective	cyanide	leaching	circuit	for	your	gold	processing	operation.	Our	team	includes	world	class	professionals	who	have	developed	techniques	such	as	CIP	(carbon	in	pulp),	CIL	(carbon	in	leach),	RIP	(resin	in	pulp)	and	RIL	(resin	in	leach).	SGS	is	a	leader	in	gold	processing.	Our	robust	technologies	and	experienced
staff	ensure	improved	gold	recovery,	and	an	improved	bottom	line	for	your	mining	operation.	Cyanide	leaching	has	been	the	industry	standard	for	gold	processing	for	more	than	100	years.	During	the	cyanide	leach	process,	a	cyanide	solution,	or	lixiviant,	is	percolated	through	ore	contained	in	vats,	columns	or	heaps.	Gold	is	dissolved	by	the	cyanide	and	then	removed	from	the	heap	or	columns.	It	is	then	extracted	from	the	pregnant	leach	solution	by	adsorption	on	carbon	or	resins.	This	cost-effective,	proven	method	of	ore	extraction	provides	maximum	recovery
for	many	gold	ores,	including	low	grade	and	some	refractory	ores.			SGS	professionals	develop	your	cyanide	leach	flowsheet	at	the	bench	or	laboratory	scale	using	cyanide	bottle	roll	tests	to	assess	leach	parameters	and	optimise	the	gold	recovery.	During	these	tests,	aeration,	alkalinity,	agitation	time	and	grain	size	are	strictly	controlled	and	the	resulting	data	provides	an	accurate	estimate	of	the	gold	recovery	and	rates	of	acid	consumption.	Such	tests	set	the	parameters	for	your	pilot	plant	or	final	site	recoveries.	SGS	professionals	use	the	results	gained	from
bottle	rolls	to	establish	the	most	appropriate	preparation	and	recovery	procedures	for	your	ore.	Cyanide	leaching	processes	include:	Vats	and	Column	Leach	In	traditional	cyanide	leaching,	ore	is	placed	in	vats	or	columns.	The	cyanide	solution	percolates	through	the	ore	and	dissolves	the	gold,	which	is	then	removed	from	the	lixiviant	by	adsorption	onto	carbon	or	resins.	Grain	size,	oxygen	and	alkalinity	levels	are	carefully	controlled	to	ensure	maximum	gold	recovery.	Heap	Leaching	Heap	leaching	facilitates	the	profitable	extraction	of	gold	from	very	low	grade
ore.	Prior	to	heap	leaching,	either	run	of	mine	(ROM)	or	crushed	ore	is	heaped	into	structures	10	to	20m	high	that	are	stacked	on	an	impermeable	layer.	A	dilute	cyanide	solution	is	sprayed	on	the	heap,	percolates	through	the	pile	and	dissolves	the	available	gold.	The	solution	is	then	directed	into	a	pond.	The	cyanide	solution,	which	is	said	to	be	“pregnant”	with	gold,	is	then	pumped	through	columns	where	the	gold	is	recovered.	Cost-effective	heap	leaching	offers	a	number	of	advantages,	including:	Comminution	costs	are	reduced	as	the	ore	is	only	crushed,	not
ground.	The	cyanide	solution	is	recycled	through	the	heap,	reducing	the	amount	of	cyanide	used	in	the	operation.		The	process	is	especially	suitable	for	lower	grade	ores	and	ore	with	a	high	clay	content.	Gold	Recovery	Carbon	and	Resin	Adsorption	SGS	scientists	developed	and	continue	to	improve	these	cost-effective,	time-tested	processes	to	extract	gold	from	the	pregnant	cyanide	solutions.	Activated	carbon	effectively	removes	the	gold	from	the	cyanide,	as	the	gold	is	adsorbed	into	the	pores	in	the	carbon.	This	has	spawned	technologies	such	as	CIP	(carbon-
in-pulp),	CIL	(carbon-in-leach)	and	CIC	(carbon-in-columns).	More	recently,	SGS	has	lead	the	gold	processing	industry	with	the	development	of	resin-based	technologies.	In	this	case,	the	gold	is	adsorbed	onto	the	synthetic	resin	particles	rather	than	activated	carbon.	This	process	is	more	efficient,	easier	to	control	and	more	robust	than	carbon-based	technologies.	Variations	on	this	process	include:	Carbon-in-pulp			Carbon-in-leach	Carbon-in-columns	RIL	(Resin-in-leach)	/	RIP	(Resin-in	pulp)	In	recent	years,	resin	is	replacing	carbon	as	the	phase	that	gold	is
adsorbed	on.	SGS	has	been	a	leader	in	the	development	of	this	technology.	The	process	used	in	resin	absorption	is	similar	to	carbon	absorption,	but	synthetic	spherical	resin	particles	replace	the	grains	of	activated	carbon.	This	process	brings	a	number	of	benefits	to	gold	processing:	The	size	of	the	synthetic	resin	particles	is	more	consistent	that	than	the	natural	carbon	particles,	allowing	for	easier	control	when	adding	adsorbent	Better	results	from	refractory	ores	or	those	containing	high	levels	of	clay	or	organic	compounds	organic		The	resin	particles	are
more	robust	and	need	not	be	replenished	as	often	as	carbon,	thus	keeping	operating	costs	down.	Partner	with	SGS	and	leverage	our	internationally	recognised	experience	and	technological	capabilities	into	increased	recovery	rates	and	maximum	growth	in	your	gold	recovery	operation.	View	PDFVolume	158,	1	November	2020,	106610	rights	and	content	Gold,	a	high	value	element	widely	distributed	in	a	number	of	geological	environments	in	recoverable	amounts,	has	been	known	to	mankind	for	millennia.	Due	to	continued	buoyant	demand	and	a	relatively	high
stable	price,	gold	has	been	the	focus	of	intense	activity	in	the	areas	of	exploration	and	metallurgy	[1,2].	Over	the	past	decades,	the	demand	for	gold	(Au)	has	steadily	increased	and	has	reached	approximately	4 Mt yr−1	in	recent	years	[3,4].	Conventionally,	gold	ores	are	treated	with	dilute	alkaline	cyanide	solution	in	the	presence	of	oxygen	to	solubilize	the	gold.	The	dissolved	gold	is	then	precipitated	by	zinc	dust	treatment.	This	is	the	well-known	McArthur–Forrest–Merrill	Crowe	process	[1].	Cyanidation	is,	undoubtedly,	still	the	most	important	and	widespread
of	the	various	hydrometallurgical	technologies	used	in	the	extraction	of	gold	and	silver	from	primary	ores	and	concentrates.	Used	for	over	100	years,	the	popularity	of	cyanidation	is	based	mostly	on	the	simplicity	of	the	process,	yet,	despite	this	fact,	the	reactions	involved	are	not	fully	understood	[5].	In	fact,	today,	cyanidation	is	the	only	choice	for	the	recovery	of	gold	from	low-grade	and	finely	disseminated	gold	ores	in	both	technological	and	economical	respects.	Two	of	the	main	advantages	of	cyanidation	are	the	selectivity	of	free	cyanide	for	gold	dissolution
and	the	extremely	high	stability	of	the	cyanide	complex	[6].	The	most	important	disadvantages	of	this	process	are	the	toxicity	and	disposal	problems	of	leaching	wastes	into	the	environment	unless	the	necessary	precautions	are	taken.	In	recent	years,	thiourea,	thiosulfate,	chlorine	and	acid	leaching	methods	have	been	developed	as	an	alternative	to	cyanidation,	but	none	of	these	has	yet	gained	industrial	application	[7–10].	Gold	cyanidation	follows	an	electrochemical–chemical	reaction	between	cyanide	and	gold	at	the	particle	surface	and	throughout	the	particle
porous	volume	[12]:	2Au+4NaCN+12O2+H2O+2OH−→2Au(CN)2−+4NaOH.1.1	The	cyanidation	process	is	affected	by	a	number	of	influential	parameters,	such	as	the	availability	of	oxygen	at	the	solid–liquid	interface,	the	pH	and	Eh	of	the	solid–solvent	suspension,	the	presence	of	ions	other	than	CN−	in	solution,	the	cyanide	concentration,	the	particle	size	of	the	mineral,	the	temperature,	the	surface	area	of	gold	exposed,	the	purity	of	the	gold,	the	mineralogical	characteristics	of	the	ore,	the	salinity	of	the	water,	the	degree	of	agitation	and	mass	transport	[12–
22].	Many	studies	have	been	carried	out	on	the	effects	of	these	factors	in	the	cyanidation	process,	but	little	attention	has	been	given	to	assessing	the	influence	of	the	interaction	of	these	factors	or	the	modelling	and	optimization	of	the	cyanidation	process.	Hence,	this	study	was	focused	on	the	modelling	and	optimization	of	some	of	the	parameters	affecting	the	gold	cyanidation	process.This	research	was	carried	out	on	Aghdareh	gold	ore.	The	Aghdareh	mine	and	gold	processing	plant	is	located	32 km	from	Takab	city	in	the	western	Azerbaijan	province,	Iran,	at
46°58′30′′N	and	36°39′29′′E.	The	grade	of	gold	ore	is	3	ppm.	Also,	cyanide	leaching	is	used	to	process	gold	in	the	Aghdareh	mine	[23].	The	main	problem	in	extraction	is	achieving	an	acceptable	separation	of	Au	from	its	ore.	Thus,	the	effects	of	the	main	controllable	parameters	affecting	gold	recovery	are	evaluated,	discussed	and	optimized.	In	this	study,	an	experimental	design	technique,	the	response	surface	method	(RSM)	using	central	composite	design	(CCD),	was	employed	to	model,	optimize	and	evaluate	the	effects	and	interactions	of	the	operational
parameters	on	recovery	of	Au	in	the	cyanide	leaching	process.Process	optimization	has	become	one	of	the	most	important	activities	in	this	competitive	industry.	The	high	cost	of	research	and	development	has	resulted	in	the	use	of	a	design	of	experiments	(DOE)	method	to	minimize	the	number	of	tests	as	well	as	to	determine	the	optimal	values	of	the	parameters	influencing	the	cyanidation	process.	Therefore,	different	DOE	methods	have	been	developed	in	the	last	two	decades	[24–28].	The	general	practice	for	determining	the	important	process	parameters	for
cyanidation	is	to	vary	one	parameter	and	keep	the	others	constant.The	statistical	design	of	experiments	is	widely	used	for	controlling	the	effects	of	parameters	in	many	processes.	Its	usage	decreases	the	number	of	experiments,	the	time	required	and	the	material	resources.	Furthermore,	analysis	carried	out	on	the	results	is	easily	realized	and	experimental	errors	are	minimized.	Statistical	methods	measure	the	effects	of	change	in	operating	variables	on	the	process	as	well	as	their	mutual	interactions	[24].	The	statistical	design	of	experiments	is	used	when
several	factors	have	to	be	studied	in	order	to	determine	their	main	effects	and	interactions.	The	experiments	can	be	conducted	in	an	organized	manner	and	can	be	analysed	systematically	to	obtain	much	needed	information.	The	information	can	be	used	to	optimize	the	process	[22,24–27,29].RSM	is	an	effective	statistical	technique.	RSM	involves	a	combination	of	mathematical	and	statistical	techniques	based	on	the	multi-variate	nonlinear	model	in	which	all	factors	are	varied	over	a	set	of	experimental	runs.	This	technique	is	useful	for	developing,	improving
and	optimizing	processes	and	can	be	used	to	evaluate	the	relative	significance	of	some	factors	even	in	the	presence	of	complex	interactions	[24,30].	RSM	also	quantifies	the	relationship	between	the	controllable	input	parameters	and	the	response	surfaces	obtained	[31].	The	most	popular	RSM	method	is	the	CCD	[24,30].	It	gives	almost	as	much	information	as	a	three-level	factorial,	requires	many	fewer	tests	than	the	full	factorial	design	and	has	been	shown	to	be	sufficient	to	describe	the	majority	of	steady-state	process	responses	[22].	Hence,	in	this	study,	we
used	CCD	to	design	the	experiments.	Generally,	this	design	consists	of	the	following	parts:	(i)	a	full	or	fractional	factorial	point,	(ii)	star	or	axial	points	at	a	specific	distance	from	the	centre,	and	(iii)	a	centre	point.In	order	to	conduct	the	experiments	on	cyanide	leaching,	the	required	samples	were	obtained	from	the	crushing	circuit	input	of	the	Aghdareh	gold	mine.	The	samples	were	prepared	after	two	stages	of	laboratory	comminution,	which	included	crushing	and	milling.	First,	the	samples	were	crushed	in	a	jaw	crusher.	Then	samples	were	ground	in	a
laboratory	ball	mill.	The	representative	sample	contained	1.17 ppm Au.Sodium	cyanide	was	applied	as	a	leaching	agent.	In	addition,	Ca(OH)2	was	used	as	a	pH	modifier	to	maintain	the	pH	at	the	targeted	value	during	leaching.The	cyanidation	experiments	were	carried	out	in	a	tumble	bottle	at	ambient	temperature	under	different	conditions	including	pH	of	10–11.5,	solids	content	of	30–45%,	sodium	cyanide	concentration	of	500–900 ppm,	particle	size	of	37–100μm	and	leaching	time	of	12–30 h.	For	each	test,	a	300 g	representative	sample	was	selected.	First,
the	pulp	was	prepared	in	the	tumble	bottle	and	the	pH	was	adjusted	using	Ca(OH)2	to	the	targeted	value,	then	the	sodium	cyanide	(prepared	by	Merck	&	Co.)	was	added	to	the	pulp	and	the	pulp	was	mixed.	There	were	some	holes	in	the	bottle	cap	to	aerate	the	pulp.	After	each	experiment,	the	sample	was	filtered	and	the	liquid	phase	was	analysed	for	the	gold	content	and	free	cyanide.	The	gold	was	analysed	by	means	of	a	PerkinElmer	200	atomic	absorption	device	after	extraction	of	gold	with	the	solvent	diisobutyl	ketone,	and	the	mercury	was	analysed	with	a
UV	device.	Also,	for	the	determination	of	free	cyanide	in	solution,	titration	was	employed	with	standard	silver	nitrate	(0.01 M)	and	potassium	iodide	(10%)	as	indicator.Since	the	aim	of	this	study	was	to	evaluate	the	effects	of	selected	parameters	on	the	cyanidation	process	of	gold,	the	recoveries	of	gold	were	considered	as	the	main	quality	indices	in	the	leaching	results	given	below.Firstly,	according	to	CCD,	a	series	of	45	experiments	including	a	two-level	randomized	25−1	fractional	factorial	design	with	three	centre	points	and	10	axial	runs	were	designed	and
carried	out	based	on	the	important	factors	that	affect	the	cyanide	leaching	process.	The	variables	and	levels	of	25−1	CCD	are	presented	in	table	1.	The	variables	studied	were	the	effect	of	alkalinity	(pH),	solids	content,	NaCN	concentration,	particle	size	and	leaching	time.	The	other	operating	parameters,	such	as	temperature,	dissolved	oxygen	concentration	and	stirring	speed,	were	maintained	constant.	In	this	research,	experimental	data	were	analysed	using	Design-Expert	(DX)	software	(Demo	v.	7.0.0,	Stat-Ease,	Inc.).	Table	2	shows	the	results	of	a	CCD	of
cyanide	leaching	tests	on	the	gold	ore	samples	and	the	responses	measured	and	predicted	for	each	experiment.	Table	1.The	operational	parameters	affecting	the	cyanidation	of	gold	and	their	levels.coded	levelsactual	levelsfactorssymbol−2−10+1+2pHA9.51010.51111.5solids	percentage	(%)B3035404550NaCN	concentration	(ppm)C500600700800900leaching	time	(h)D612182430particle	size	(μm)E183756a7594bTable	2.CCD	matrix	and	experimental	(actual)	and	predicted	values	of	gold	recovery.Au	recovery
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experimental	data	were	analysed	statistically,	the	results	of	which	are	presented	in	tables	3	and	4.	Table	3	shows	the	results	of	the	statistical	analysis	for	the	selection	of	a	model	at	the	95%	confidence	level	(p-value	<	0.05).	Table	3.Statistical	analysis	of	models	for	modelling	the	gold	cyanide	leaching	circuit.sourcesum	of	squaresdegrees	of	freedom	(d.f.)mean	squareF-valuep-value	probability	>Fanalysis	of	variance	(ANOVA)	of	modelsmean	versus	total352 980.71352 980.7linear	versus	mean57.594511.51913.1760	(this	will	be	named	the	‘Upper	outer	curve’
and	labelled	by	‘U’)	or	xs1,	the	argument	of	the	arccos	function	can	be	higher	than	unity	for	some	values	of	τ	and,	consequently,	this	function	then	leads	to	a	complex	solution.	For	example,	considering	the	expression	for	xs0U	then	from	τ0U=0	until	cosτ1U=fc1/f0,	one	can	find	that	the	argument	of	the	arccos	function	is	higher	than	unity,	and	this	function	results	in	a	purely	imaginary	solution.	However,	the	cosine	function	from	equation	(4.8)	of	such	a	complex	argument	can	be	transformed	by	using	the	expression	cos(z)=(ezi+e−zi)/2	and	the	resulting	solution
is	real	(noting	that	contemporary	computer	algebra	software	such	as	Wolfram	Mathematica,	recognizes	this	issue	as	it	uses	the	cosine	function	defined	as	an	entire	function).	Furthermore,	from	τ1U	until	cosτ2U=−fc1/f0,	the	arccos	function	yields	purely	real	solutions.	Then,	until	τ1U+π	the	arccos	function	gives	a	solution	with	a	real	part	and	a	non-vanishing	imaginary	part,	so	that	xs0U	is	not	purely	real	anymore.	Thus,	the	solution	for	xs0U	given	by	equations	(4.7)	and	(4.8)	is	valid	until	τ2U.This	zeroth-order	solution	is	plotted	in	figure	7	with	the	time	scale	τ
redefined	back	to	the	original	quantity	t	(it	is	depicted	by	the	black	dotted	line).	This	solution	is	presented	together	with	the	steady-state	numerical	solution	of	equations	(1.1a,b),	depicted	by	the	solid	line,	corresponding	to	the	60th	period	(note	that	this	moment	of	time	is	taken	as	the	origin	for	the	time	scale,	and	that	the	system	parameters	are	the	same	as	those	used	in	figure	5).	It	is	seen	that	even	this	zeroth-order	solution	agrees	well	with	the	Upper	outer	curve	obtained	numerically.	Figure	7.	Numerical	solution	of	equation	(1.1a,b)	(solid	line)	and	the
approximations	for	the	slow	flow:	zeroth	order,	equations	(4.7)	and	(4.9),	(dotted	line)	and	the	overall	solution	given	by	equation	(4.3)	(dots).	The	values	of	the	system	parameters	are	the	same	as	in	figure	5.	(Online	version	in	colour.)Download	figureOpen	in	new	tabDownload	PowerPointBased	on	equation	(4.7),	one	can	express	the	zeroth-order	solution	corresponding	to	the	Lower	outer	curve	as	follows:	xs0L=−213βcos[13arccos(−3f0cosτ23β)],4.9i.e.	xs0L=xc4 cos[13arccos(f0fc2cosτ)].4.10This	solution	corresponds	to	the	second	half-period	and	is	valid	from
τ0L=π	until	τ2L=2π−arccos(2/(3f03β))	given	the	fact	that	after	τ2L	the	solution	for	xs0L	yields	a	non-vanishing	imaginary	part.Now,	by	differentiating	equations	(4.7)	and	(4.9),	and	then	substituting	them	into	equations	(4.5)	and	(4.6),	the	solutions	xs1and	xs2	can	be	obtained.	The	overall	solution	(4.3)	is	not	shown	here	due	to	its	complexity,	but	is	also	plotted	in	figure	7	as	magenta	dots.	Note	that	the	analysis	of	the	expressions	for	xs1	and	xs2	in	equations	(4.5)	and	(4.6)	implies	that	they	become	unbounded	for	3β xs02−1=0,	which	corresponds	to	τ2U	and	τ2L
discussed	above.	As	can	be	seen	the	difference	between	the	overall	and	the	zeroth-order	solution	is	very	small.	It	should	be	noted	that	figure	7	illustrates	the	accuracy	of	the	approximations	for	the	slow	flow	time	only	for	the	parameters	used	in	figure	5.	A	few	more	examples	are	provided	in	§4c.In	order	now	to	solve	the	equation	of	motion	for	the	fast	flow	(4.2),	we	treat	xs	as	a	constant	and	make	it	equal	to	xc3	for	the	fast	flow	around	the	Upper	outer	curve	and	to	xc4	for	the	fast	flow	around	the	Lower	outer	curve	(figures	1	and	5a).	Hence,	equation	(4.2)
becomes	X¨+δ X˙+ωf2X+μ X2+b X3=0,4.11where	ωf=3,4.12aμ≡μU,L=±23β4.12bandb=β.4.12cEquation	(4.11)	contains	quadratic	and	cubic	nonlinearity	and	belongs	to	the	class	of	the	so-called	Helmholtz–Duffing	equations	[1].	Note	that	the	quadratic	term	is	positive	for	fast	flow	around	the	Upper	outer	curve	and	negative	for	fast	flow	around	the	Lower	outer	curve.	In	addition,	the	coefficients	of	the	quadratic	and	cubic	terms	are	not	small	so	this	equation	is	strongly	nonlinear.	To	find	the	corresponding	approximate	solutions	by	using	a	perturbation	approach
this	equation	needs	to	be	transformed	into	the	form	conventionally	used	to	represent	what	one	would	consider	to	be	a	weakly	nonlinear	equation,	and	we	return	to	this	assumption	later	in	the	conclusion.	Thus,	X	is	rescaled	in	accordance	with	X=ε X~,	where	ε≪1.	In	addition,	to	capture	appropriately	the	influence	of	damping,	the	damping	coefficient	is	also	rescaled	by	using	δ =ε2 δ1.	Introducing	these	two	substitutions	into	equation	(4.11)	and	omitting	the	tildes,	one	derives	the	following:	X¨+ε2 δ1 X˙+ωf2X+ε μ X2+ε2 b X3=0.4.13The	method	of	multiple	scales
can	then	be	formally	used,	noting	that	a	second-order	expansion	is	needed	to	capture	the	influence	of	the	damping	and	cubic	term	in	equation	(4.13):	X=X0+ε X1+ε2 X2,4.14while	the	time	derivatives	are	(  ).=D0+ε D1+ε2 D2,4.15aand	(  )..=D02+2ε D0D1+2ε2 D0D2+ε2 D12,4.15bwhere	TN=εN t, N=0, 1, 2,…	and	DN()=∂()/∂TN.Substituting	equations	(4.14)	and	(4.15a,b)	into	equation	(4.13)	and	collecting	terms	of	the	same	perturbation	order,	leads	to	ε0:D02X0+ωf2X0=0,4.16ε1:D02X1+ωf2X1=−2 D0D1X0−μ 
X02,4.17andε2:D02X2+ωf2X2=−D12X0−2D0D2X0−2D0D1X1−δ1 D0X0−2μ X0X1−b X03.4.18The	solution	form	for	X0	is	assumed	as	X0=a(T1,T2)cos[ωfT0+α(T1,T2)],4.19where	the	amplitude	a	and	phase	α	are	unknown	functions	of	T1	and	T2.The	right-hand	side	(RHS)	of	equation	(4.17)	now	becomes	RHS(4.17)=2ωf∂a∂T1sin[ωfT0+α]+2ωfa∂α∂T1cos[ωfT0+α]−12μ a2 (1+cos[2ωfT0+2α]).4.20The	terms	multiplying	sin[ωfT0+α]	and	cos[ωfT0+α]	are	the	so-called	secular	terms	and	will	cause	an	unbounded	solution	if	retained,	thus	they	need	to	be	removed.	The
removal	of	the	secular	terms	imposes	the	conditions	∂a/∂T1=0	and	∂α/∂T1=0,	which	both	imply	that	the	amplitude	a	and	phase	α	do	not	depend	on	T1,	but	only	on	T2,	i.e.	a≡a(T2)4.21aand	α≡α(T2).4.21bThe	remaining	terms	in	equation	(4.20)	are	considered	in	order	to	obtain	the	following	particular	integral	of	equation	(4.17):	X1=−12μ a2ωf2+16μ a2ωf2 cos[2ωfT0+2α].4.22Furthermore,	by	using	equations	(4.19),	(4.21a,b)	and	(4.22),	it	can	be	seen	that	the	RHS	of	equation	(4.18)	becomes	RHS(4.18)=(δ1ωfa+2ωf∂a∂T2)sin[ωfT0+α]+(56μ2 a3ωf2−34b 
a3+2ωfa∂α∂T2)cos[ωfT0+α]+(−16μ2 a3ωf2−14b a3) cos[3ωfT0+2α].4.23The	removal	of	secular	terms	at	this	level	of	perturbation	leads	to	a=a0e−δ1T2/2,4.24aand	α=−a29bωf2−10μ224δ1ωf3+α0,4.24bwhere	a0	and	α0	are	constants	defined	by	initial	conditions.The	remaining	term	in	equation	(4.23)	yields	the	following	particular	integral	for	equation	(4.18):	X2=2μ2+3bωf296ωf4a3 cos[3ωfT0+3α].4.25Thus,	the	fast	flow	is	defined	by	equations	(4.14),	(4.19),	(4.22),	(4.25)	and	(4.24a,b):	X=acos[ωft+α]+ε μ a22ωf2(−1+ 13cos[2ωft+2α])+ε2 
2μ2+3bωf296ωf4a3 cos[3ωft+3α],4.26with	the	amplitude	and	phase	given	by	a=a0e−δ1ε2 t/24.27aand	α=−a02e−δ1ε2 t 9bωf2−10μ2 a324δ1ωf3+α0.4.27bOwing	to	the	transformation	previously	introduced	the	constants	a0	and	α0	should	be	found	from	the	initial	conditions.	These	are	ε X(0)=−2/3	and	X˙(0)=0	for	the	Upper	solution	and	ε X(0)=2/3	and	X˙(0)=0	for	the	Lower	solution.Numerical	solutions	for	the	rescaled	equation	of	the	fast	flow	(4.13)	are	presented	in	figure	8	for	the	Upper	curve	(μ≡μU)	and	in	figure	9	for	the	Lower	curve	(μ≡μL),	together	with
the	approximations	defined	by	equations	(4.26)	and	(4.27a,b)	for	the	parameters	from	figure	5	and	for	ε=0.1.	Figure	8.	Numerical	solution	of	the	rescaled	equation	for	the	fast	flow,	equation	(4.13)	with	μ≡μU	(solid	line)	and	the	approximations	(4.26)	and	(4.27a,b)	(dotted	line)	for	the	parameters	from	figure	5	and	ε	=	0.1.	(Online	version	in	colour.)Download	figureOpen	in	new	tabDownload	PowerPointFigure	9.	Numerical	solution	of	the	rescaled	equation	for	the	fast	flow,	equation	(4.13)	with	μ≡μL	(solid	line)	and	the	approximations	(4.26)	and	(4.27a,b)	(dotted
line)	for	the	parameters	from	figure	5	and	ε=0.1.	(Online	version	in	colour.)Download	figureOpen	in	new	tabDownload	PowerPointIt	is	seen	that	the	approximate	analytical	solutions	successfully	capture	the	character	of	the	response.	Their	accuracy	is	reasonably	good	given	the	fact	that	this	is	initially	large	amplitude	motion.Now,	the	solutions	for	the	slow	and	fast	flow	can	be	summed	but	it	is	important	to	note	that	the	solutions	from	figures	8	and	9	need	to	be	rescaled	as	they	actually	represent	X~,	while	the	fast	flow	is	formally	X=ε X~.	This	result	is
compared	with	the	numerical	solutions	of	equations	(1.1a,b)	and	presented	in	figure	10	for	the	parameters	from	figure	5,	while	the	influence	of	a	different	value	of	the	damping	parameter	is	shown	in	figure	11	(δ=0.1).	These	two	figures	confirm	that	the	approximate	analytical	solutions	capture	the	response	very	well,	both	qualitatively	and	quantitatively.	Note	that	in	both	figures	the	slow	flow	is	approximated	by	the	zeroth-order	solution.	Figure	10.	Numerical	solution	of	equations	(1.1a,b)	(solid	line)	and	the	sum	of	the	approximations	for	the	slow	and	fast	flow
for	the	parameters	from	figure	5	and	ε=0.1.	(Online	version	in	colour.)Download	figureOpen	in	new	tabDownload	PowerPointFigure	11.	Numerical	solution	of	equations	(1.1a,b)	(solid	line)	and	the	sum	of	the	approximations	for	the	slow	and	fast	flow	for	the	same	parameters	from	figure	10	but	with	δ=0.1.	(Online	version	in	colour.)Download	figureOpen	in	new	tabDownload	PowerPointAn	interesting	question	now	concerns	the	possibility	of	designing	the	non-autonomous	system	(1.1a,b)	to	perform	relaxation	oscillations	(figure	4b)	with	the	same	characteristics
(four	jumping	points	and	the	period)	as	the	autonomous	van	der	Pol	oscillator.	To	that	end,	one	can	use	the	results	from	§2	and	relate	them	to	the	characteristics	of	the	van	der	Pol	oscillators,	both	the	classical	form	[6–8]	and	generalized	forms	[9–11].The	classical	van	der	Pol	oscillator	[6–8]	is	represented	by	x¨−ε(1−x2) x˙+x=05.1and	exhibits	relaxation	oscillations	when	the	constant	parameter	ε	in	equation	(5.1)	is	large	(figure	12).	It	is	known	that	its	jump-up	xju	and	jump-down	points	xjd	(figure	12)	occur	at	[7,10]	|xju|=xjd=1,5.2Figure	12.	Steady-state
response	of	the	van	der	Pol	oscillator	obtained	numerically	for	equation	(5.1)	with	ε=10.Download	figureOpen	in	new	tabDownload	PowerPointand	we	note	that	the	starting	points	of	the	outer	curves	xu	and	xd	are	at	|xu|=xd=2.5.3By	assigning	the	value	from	equation	(5.2)	to	|xc1,2|=1/3β,	equation	(2.5a),	one	obtains	β=1/3.	For	this	value	of	β,	xc3,4	from	equation	(2.5c)	coincides	with	xu	and	xd	from	equation	(5.3).	The	corresponding	value	for	f0	is	then	defined	by	the	value	for	|fc1,2|,	equation	(2.5b),	i.e.	f0=2/3	(as	in	the	previous	sections,	due	to	the	influence
of	damping,	a	slightly	higher	value	is	chosen	at	f0=0.72).	Finally,	this	equivalence	requires	two	more	parameters	to	be	related	to	each	other,	namely	the	coefficient	ε	in	(5.1)	and	the	angular	frequency	ω	in	equation	(1.1a,b).	Firstly,	it	is	known	that	relaxation	oscillations	in	the	autonomous	van	der	Pol	oscillator	have	the	period	[7]	given	by	T≈1.614	ε.5.4Furthermore,	the	steady-state	response	motion	of	the	oscillators	(1.1a,b)	has	a	period	defined	by	T=2πω.5.5Equating	the	periods	(5.4)	and	(5.5),	one	obtains	ε≈3.89293ω.5.6Thus,	for	example,	by	making	the
requirement	that	the	angular	frequency	should	correspond	to	ω=0.01,	one	can	then	calculate	that	ε=389.293.	By	using	these	values	both	equations	(1.1a,b)	and	(5.1)	can	be	solved	numerically	and	the	results	obtained	are	shown	in	figure	13	(the	dashed	lines	define	the	solution	for	the	van	der	Pol	oscillator	(5.1)	and	the	solid	lines	represent	the	oscillator	(1.1a,b)	with	δ=2.5).	Three	periods	before	the	60th	period	are	shown.	Note	that	the	time	axis	is	shifted	by	−260	after	solving	(5.1)	in	order	to	overlap	the	responses	and	make	the	visual	comparison	easier.
Figure	13.	Time-responses	of	equations	(1.1a,b)	with	α=3,	β=1/3,	δ=2.5,	f0=	0.72,	ω=0.01	and	equation	(5.1)	with	ε=389.293.	The	solution	of	equation	(5.1)	is	depicted	by	dashed	lines	and	the	solution	for	equations	(1.1a,b)	is	given	by	the	solid	line.	(Online	version	in	colour.)Download	figureOpen	in	new	tabDownload	PowerPointThis	approach	can	be	extended	to	design	generalized	bistable	oscillators	(1a–c)	to	have	the	same	period	and	jump	points	as	generalized	van	der	Pol	oscillators	[10]	x¨+sgn(x)|x|α1=ε(1−|x|β1) x˙,5.7where	α1>1	and	β1=α1−1	(other
possible	cases	existing	in	[10,11]	will	be	considered	later	in	a	separate	publication).To	fulfil	the	requirements,	the	results	from	[10]	are	used:	the	jump-up	xju	and	jump-down	points	xjd	of	the	oscillator	(5.7)	are	defined	by	equation	(5.2);	and	the	coordinate	xu	is	defined	implicitly	by	the	following	expression:	xu−xuβ1+1β1+1+β1β1+1=0,5.8and	the	period	of	relaxation	oscillations	is	obtained	from	T=2ε(−1β1+lnxu+xu−β1β1).5.9So,	by	equating	the	jump	point	of	the	bistable	oscillators	given	by	equation	(2.3a)	with	equation	(5.2),	it	follows	that	α=1/β.	If,	for
example,	the	bistable	oscillators	is	quintic,	one	then	has	α=5	and	β=1/5.	Equation	(2.3b)	gives	fc1=4/5	(consequently,	f0	is	chosen	to	be	slightly	higher:	f0=0.9).	Furthermore,	equation	(2.4)	now	yields	the	value	xc3=1.650629.	The	next	requirement	for	the	equivalence	of	the	oscillators	is	xc3=xu,	which	due	to	equation	(5.8)	gives	β1=4.	Given	the	condition	below	equation	(5.7),	one	finds	that	α1=5.	The	period	given	by	equation	(5.9)	emerges	as	T=0.569668ε.	By	equating	this	with	equation	(5.5),	it	can	be	shown	that	ε≈11.0295/ω.	Taking	ω=0.01	again	it	can	be
calculated	that	ε=1102.95.	Figure	14	contains	the	steady-state	responses	of	these	two	oscillators	as	in	figure	13	(the	time	shift	for	the	van	der	Pol	oscillator	is	shifted	by	−270	and	the	damping	coefficient	for	equation	(1.1a,b)	is	δ=3.5).	The	time	responses	shown	confirm	that	the	requirements	for	equivalent	characteristics	for	the	two	oscillators	have	thus	been	achieved.	Figure	14.	Time-responses	of	equation	(1.1a,b)	with	α=5,	β=1/5,	δ=3.5,	f0=0.9,	ω=0.01	and	equation	(5.7)	with	α1=5,	β1=4,	ε=1102.95.	The	solution	for	equation	(5.7)	is	depicted	by	the
dashed	line	and	the	solution	for	equation	(1.1a,b)	is	given	by	the	solid	line.	(Online	version	in	colour.)Download	figureOpen	in	new	tabDownload	PowerPointThis	study	has	investigated	a	generalized	phenomenological	model	for	a	system	that	exhibits	mixed-mode	oscillations	in	the	forms	of	bursting	and	relaxation	motions.	The	system	considered	offers	the	distinct	advantages	of	mathematical	simplicity	and	elegance	and	exhibits	mixed-mode	oscillations	that	are	driven	by	low-frequency	external	forcing.The	basic	dynamical	characteristics	have	been	analysed	in
terms	of	characteristic	values	of	the	magnitude	of	the	force	and	the	displacements.	Comprehensive	numerical	mapping	of	the	range	of	bifurcatory	behaviour	in	terms	of	the	magnitude	of	the	force,	the	damping	coefficient,	the	forcing	angular	frequency	and	the	power	of	the	nonlinearity	has	been	provided.	It	has	been	shown	that	the	system	under	consideration	can	exhibit	oscillations	around	a	non-trivial	point,	and	also	bursting	and	relaxation	oscillations.	Illustrations	of	these	responses	with	respect	to	the	nullcline	are	also	provided.Then,	the	focus	of	the
investigation	was	concentrated	on	cubic	oscillators	of	this	type.	A	quantitative	treatment	of	bursting	oscillations	in	such	systems	has	been	carried	out,	separating	these	into	a	periodic	upper	and	lower	slow	flow	and	fast	flow	oscillations	around	the	upper	and	lower	curves.	The	expressions	for	the	upper	and	lower	slow	flows	at	the	zeroth	order	and	second	order	have	been	derived	and	compared	with	numerical	solutions,	for	which	very	good	agreement	has	been	found.	The	fast	flow	oscillations	were	modelled	by	a	nonlinear	damped	Helmholtz–Duffing	equation
whose	second-order	solutions	were	derived	and	compared	also	with	appropriate	numerical	solutions.	It	should	be	noted	that	the	fast	flow	dynamics	typically	have	the	characteristics	of	an	underdamped	transient	and	therefore	the	normal	assumptions	needed	to	employ	the	method	of	multiple	scales	are	reasonably	adhered	to	for	this	part	of	the	solution.	The	solutions	for	the	slow	and	fast	flows	were	then	summed	and	it	was	verified	numerically	that	the	resulting	overall	approximation	captures	the	response	very	well,	in	both	qualitative	and	quantitative
aspects.Finally,	as	the	non-autonomous	bistable	system	under	consideration	can	readily	exhibit	relaxation	oscillations,	the	question	was	then	posed	as	to	how	one	could	design	it	to	have	the	same	response	characteristics	as	a	strongly	damped	autonomous	van	der	Pol	oscillator	in	terms	of	jump	points	and	the	period.	As	far	as	the	authors	are	aware,	these	are	the	first	links	to	have	been	established	between	these	two	archetypical	oscillators	to	date.	In	addition	because	mechanical	manifestations	of	the	van	der	Pol	oscillator	are	rarely	found	then	the	results
presented	in	this	paper	potentially	open	up	new	possibilities	for	the	design	of	analogous	mechanical	systems,	further	investigations	into	such	systems	and	the	determination	of	beneficial	applications	for	the	resulting	dynamic	behaviour.I.K.	designed	the	study,	coordinated	it,	made	the	concept	for	obtaining	approximate	solutions,	established	the	links	between	two	types	of	oscillators	and	drafted	the	manuscript;	M.C.	participated	in	the	design	of	the	study,	supervised	all	their	steps,	carried	out	an	approximate	technique	for	the	fast	flow	analyses,	and	critically
revised	the	draft;	M.Z.	carried	out	numerical	simulations	for	behavioural	mapping,	producing	all	the	animations	and	the	corresponding	figures.	All	authors	gave	final	approval	for	publication.The	authors	have	no	competing	interests.The	involvement	of	I.K.	and	M.C.	was	financially	supported	by	the	UK’s	Royal	Society	under	the	International	Exchanges	Scheme,	grant	number	IE130406	entitled:	‘Slow-fast	nonlinear	dynamic	phenomena	in	neural	systems’,	while	M.Z.	received	financial	support	from	the	Ministry	of	Education,	Science	and	Technological
Development	of	the	Republic	of	Serbia	(III	41007).A	general	cubic	equation	of	the	form	 x3+p x+q=0A	1can	be	solved	by	taking	a	general	harmonic	solution	of	the	form x=ucosθ.	Thus,	 u3 cos3θ+pu cosθ+q=0,A	2and	then	multiplying	through	by	4/u3	leads	to	 4 cos3θ+4pu2 cosθ+4qu3=0.A	3On	the	other	hand,	it	is	known	from	trigonometry	that	the	following	identity	holds:	4 cos3θ−3 cosθ−cos3θ=0.A	4So,	equations	(A3)	and	(A4)	will	be	equivalent	if	4pu2 =−3and4qu3=−cos3θ.A	5This	leads	to	u=2−p/3,	so	u3=−8p−p/3/3,	from	which	it	is	possible	to	obtain
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(doi:10.1016/j.mcm.2011.08.038)	Crossref,	Google	ScholarPage	10Flow	over	aircraft	wings	or	turbine	blades	at	a	high	angle	of	attack	is	commonly	associated	with	boundary-layer	separations	and	unsteady	vortex	shedding,	which	would	cause	vortex-induced	vibration,	potential	damage	of	structures	and	a	serious	increase	of	the	mean	drag	and	the	lift	fluctuation.	Numerous	flow	control	strategies	have	been	proposed	to	control	the	stability	of	the	boundary	layers,	vortex	shedding	in	the	wake,	or	the	drag	and	lift	forces	acting	on	the	body,	by	means	of	either
active	or	passive	control	[1].	Active	control,	which	involves	energy	input,	is	commonly	achieved	by	generating	non-zero	velocity	on	the	surface	of	a	solid	body,	while	other	active	control	techniques	exist,	such	as	using	near-wall	forcing	to	reduce	turbulence	drag	[2],	generating	travelling	waves	on	the	rear	surface	of	a	cylinder	to	suppress	vortex	shedding	[3],	and	exciting	electrodes	to	generate	plasma	sheets	and	modify	the	near	wake	of	a	cylinder	[4].	In	the	rest	of	this	section,	the	wall-normal	transpiration	control,	which	is	also	the	focus	of	the	current	work,	is
reviewed	in	§1a,	and	the	sensitivity	analyses	used	to	calculate	the	control	are	introduced	in	§1b.The	wall-normal	control,	i.e.	blowing	or	suction	normal	to	the	surface,	can	be	categorized	as	steady,	low-frequency,	high-frequency	and	time-dependent	but	non-periodic	controls	depending	on	the	frequency	of	the	wall	forcing.	The	steady	control	refers	to	steady	blowing/suction,	while	the	low-	and	high-frequency	controls	refer	to	periodic	oscillations	of	the	wall-normal	velocity	component	which	can	be	generated	by	synthetic	jets	[5].	These	three	types	of	normal
control	are	open-loop	control	techniques,	while	the	last	one,	i.e.	the	time-dependent	but	non-periodic	control,	is	often	associated	with	feedback	control.	Since	the	control	addressed	in	this	work	is	based	on	fixed	control	objectives	and	can	be	regarded	as	an	open-loop	control,	only	the	first	three	types	of	normal	control	are	reviewed	in	the	following.Steady	normal	control	introduced	from	the	base	of	a	solid	body	has	been	widely	used	to	control	wake	stabilities	and	vortex	shedding	[6,7].	For	the	control	of	forces,	Delaunay	&	Kaiktsis	[8]	used	base	blowing	to	control
the	flow	around	a	circular	cylinder.	They	achieved	a	14%	reduction	of	drag	at	a	maximum	control	velocity	of	approximately	0.37	(normalized	by	the	free-stream	velocity	as	will	be	used	in	the	following)	at	Reynolds	number	Re=90	and	observed	that	most	of	the	reduction	is	attributed	to	the	pressure	component.	Kametani	&	Fukagata	[9]	found	that	uniform	blowing	(or	suction)	with	a	relative	control	velocity	of	0.01	reduces	(or	increases)	friction	drag	in	a	boundary-layer	flow	at	Re=3000.	Kim	&	Choi	[10]	applied	steady	blowing/suction	varying	sinusoidally	in	the
spanwise	direction	on	the	upper	and	lower	surfaces	of	a	cylinder	and	observed	that	a	symmetric	(‘in-phase’)	control	forcing	reduces	drag	significantly	and	also	suppresses	vortex	shedding	more	efficiently	than	base	bleeding.	They	achieved	about	20%	drag	reduction	at	a	maximum	relative	control	velocity	0.1	at	Re=100.	The	mechanism	of	this	control	is	attributed	to	the	phase	mismatch	in	the	spanwise	direction,	similar	to	effects	induced	by	spanwise	geometry	variation	[11,12].The	low-frequency	normal	control	refers	to	periodic	blowing	and	suction	at
frequencies	commensurate	with	natural	frequencies	of	the	flow.	Wu	et	al.	[13]	discussed	two	natural	frequencies,	i.e.	shear	layer	frequency	and	vortex	shedding	frequency,	in	flow	around	a	NACA0012	aerofoil	at	a	large	angle	of	attack	(20°≤α≤30°).	They	achieved	a	70%	lift	enhancement	accompanied	by	an	over	20%	increase	of	drag	at	a	maximum	relative	control	velocity	of	0.42	and	control	frequencies	around	the	latter.	Raju	et	al.	[14]	identified	three	natural	frequencies	corresponding	to	the	shear	layer,	separation	bubble	and	wake	regions	in	two-
dimensional	simulations	to	control	separation	in	flow	around	a	NACA4418	aerofoil	at	Re=40 000	and	α=18°.	They	suggested	that	the	control	around	the	separation	bubble	frequency,	which	would	be	close	to	the	vortex	shedding	frequency	at	a	large	angle	of	attack	as	presented	by	Wu	et	al.	[13],	is	the	most	effective	to	diminish	separation.	Imposing	control	at	this	optimal	frequency,	they	observed	a	1%	increase	of	lift	and	a	39%	reduction	of	drag	at	a	maximum	relative	control	velocity	0.1	and	a	momentum	coefficient	(relative	momentum	of	the	control	with
respect	to	the	free	stream)	of	1.2×10−4−1.9×10−4.	A	similar	result	was	observed	in	another	study	of	flow	around	a	thick	elliptic	plate	[15].	For	controls	at	shear	layer	frequencies,	Hong	[16]	used	synthetic	jets	with	frequencies	in	the	lower	range	of	Tollmien–Schlichting	waves	to	activate	boundary-layer	instabilities	so	as	to	prevent	laminar	separation	and	accelerate	laminar–turbulence	transition.The	high-frequency	normal	control	refers	to	control	at	frequencies	one	order	larger	than	natural	frequencies	of	the	flow.	Therefore,	the	control	effects	are	decoupled
from	instabilities	of	the	uncontrolled	flow.	At	such	high	frequencies,	the	control	generates	localized	concentrations	of	‘trapped’	vorticity,	and	subsequently	alters	the	shape	of	the	surface	as	passive	control	devices	[17].	Jeon	et	al.	[18]	observed	nearly	50%	drag	reduction	in	flow	around	a	sphere	at	Re=105	under	the	control	of	synthetic	jets	with	an	optimal	frequency	around	16	times	the	uncontrolled	vortex	shedding	frequency	and	a	maximum	relative	control	velocity	0.1.	The	mechanism	of	drag	reduction	is	attributed	to	the	delay	of	the	main	separation	owing	to
the	formation	of	a	bubble	and	reattachment	upstream	of	the	main	separation.	This	control	mechanism	can	be	considered	as	altering	the	body	surface;	a	similar	control	effect	was	achieved	by	placing	a	protuberance	with	various	shapes	upstream	of	the	separation	points	in	a	cylinder	flow	[19].	Unlike	the	steady	and	low-frequency	controls,	the	mechanism	of	high-frequency	control	associated	with	trapped	vortices	is	nonlinear.The	majority	of	the	control	forcing	discussed	above	is	generated	by	localized	control	actuators,	with	a	few	exceptions,	e.g.	optimally
distributed	control	across	the	entire	body	surface	or	rigid	rotation	of	a	circular	solid	body.	In	this	work,	the	control	is	calculated	by	scaling	the	sensitivity	of	forces	acting	on	a	solid	body	with	respect	to	surface	forcing.	This	control	is	optimal	in	the	linear	sense	(the	magnitude	of	the	control	velocity	is	small	enough)	and	therefore	the	nonlinear	control	mechanisms	associated	with	the	generation	of	trapped	vortices	in	the	high-frequency	normal	control	will	not	be	addressed.	Since	the	sensitivity	is	distributed	across	the	whole	surface,	the	control	is	continuous
instead	of	concentrated	on	a	limited	number	of	segments	of	the	body	surface.	It	is	noted	that,	even	though	the	exact	form	of	this	control	may	not	be	physically	realizable,	the	study	highlights	localized	regions	where	discrete	control	strategies	can	be	developed,	as	presented	in	§4f.Most	sensitivity	studies	in	fluid	dynamics	have	targeted	the	sensitivity	of	kinetic	energy	with	respect	to	external	forcing,	which	is	modelled	as	source	terms	of	the	linearized	Navier–Stokes	(NS)	equation	[20–22].	The	calculated	optimal	external	forcing	leads	to	maximum	energy	growth
and	therefore	facilitates	understanding	of	fluid	physics,	e.g.	stabilities	or	non-normal	noise	amplifications.	Similar	studies	have	been	conducted	to	calculate	the	optimal	initial	perturbation,	which	is	the	initial	condition	of	the	linearized	NS	equation	and	induces	the	largest	energy	growth	over	a	given	time	horizon	[23].	For	boundary	conditions,	the	methodology	to	calculate	optimal	(most	energetic)	Dirichlet-type	boundary	conditions	has	been	established	and	used	to	compute	optimal	inflow	conditions	in	stenotic	flow	and	vortex	flow	[24,25].	It	is	noted	that	most
of	the	studies	of	optimal	perturbations,	including	initial	perturbations,	external	forcing	and	boundary	perturbations,	addressed	in	the	literature,	have	targeted	perturbation	energy	growth	and	the	term	‘optimal’	is	synonymous	with	‘most	energetic’.	This	most	energetic	study	has	been	recently	extended	to	investigate	the	sensitivity	of	forces	or	flow	separations	to	external	forcing	[26,27].Among	the	three	types	of	perturbations,	i.e.	external	forcing,	initial	and	boundary	perturbations,	the	last	one	is	an	intuitive	option	for	active	flow	control.	Most	of	the	physical
controls	are	introduced	on	the	solid	surface	and	are	therefore	in	the	form	of	boundary	perturbations	to	the	uncontrolled	flow;	external	forcing	can	be	generated	by	extra	small	cylinders	representing	a	passive	control	[21,27];	initial	conditions	can	be	convected	out	of	the	domain	after	a	finite	time	interval	and	therefore	cannot	be	used	as	a	sustainable	and	reliable	control.The	sensitivity	of	forces	acting	on	a	solid	body	with	respect	to	the	boundary	perturbation	can	be	scaled	as	a	control,	which	is	most	effective	to	modify	the	forces	in	the	linear	sense.	The
methodology	to	calculate	this	sensitivity	or	control	can	be	derived	from	that	to	compute	the	most	energetic	boundary	velocity,	by	modifying	the	objective	function	from	the	(boundary	perturbation)	induced	energy	to	induced	forces.	The	calculation	of	the	optimal	control	involves	a	single	integration	of	an	adjoint	equation,	which	has	been	extensively	used	in	hydrodynamic	studies	[23]	and	optimization	of	geometry	or	control	parameters	[28].	The	adjoint	equation	used	in	this	work	is	two	dimensional	and	its	computational	cost	is	close	to	the	two-dimensional
linearized	NS	equation.	Owing	to	the	linear	assumptions	of	this	sensitivity	study,	there	are	no	iterative	calls	on	the	adjoint	equation.	Therefore,	the	computational	cost	of	the	sensitivity	or	the	control	is	close	to	a	two-dimensional	direct	numerical	simulation	(DNS).In	this	work,	an	aerofoil	flow	is	adopted	as	an	example	to	illustrate	the	sensitivity	and	the	associated	control.	In	the	following,	the	methodology	to	calculate	the	sensitivity	and	the	control	is	introduced	in	§2;	the	numerical	method,	discretization	and	convergence	are	discussed	in	§3;	the	sensitivity	and
nonlinear	control	effects	of	the	control	are	presented	in	§4;	finally,	the	conclusion	is	drawn	in	§5.The	controlled	flow	can	be	decomposed	as	the	sum	of	an	uncontrolled	flow,	which	is	synonymous	with	base	flow	in	hydrodynamic	stability	and	other	perturbation	studies,	and	a	control-induced	flow,	i.e.	(	u^,p^)=(	U,P)+(	u,p),	where		u^,	U	and	u	are	total,	uncontrolled	and	control-induced	velocity	terms,	respectively,	and	p^,	P	and	p	are	total,	uncontrolled	and	control-induced	pressure	terms,	respectively.The	total	controlled	flow	(	u^,p^)	and	the	uncontrolled	flow
(U,P)	satisfy	the	NS	equation.	If	the	control	is	small	enough,	so	does	the	control-induced	flow.	Then	the	control-induced	velocity	and	pressure	can	be	governed	by	the	linearized	NS	equation,	∂tu+U⋅∇u+u⋅∇U+∇p−Re−1∇2u=0,with ∇ ⋅ u=0,or	more	compactly	as	∂tu−L(u)=0,2.1where	L	is	a	linearized	operator.	The	initial	condition	of	u	is	set	to	zero,	corresponding	to	a	zero	control-induced	flow	at	the	beginning	of	the	simulation.	For	boundary	conditions,	on	the	inflow	and	far-field	boundaries,	zero	Dirichlet	and	computed	Neumann	conditions	are	adopted	for
velocity	and	pressure,	respectively	[29];	on	the	outflow	boundary,	a	zero	Neumann	velocity	condition	normal	to	the	boundary	and	zero	Dirichlet	pressure	condition	are	implemented;	on	the	controlled	boundary	referring	to	the	surface	of	the	body	where	the	control	is	introduced,	Dirichlet	and	computed	Neumann	conditions	are	implemented	for	velocity	and	pressure,	respectively.To	simplify	notations,	define	scalar	products	on	the	temporal	domain	[0,τ],	spatial	domain	Ω	and	its	controlled	boundary	C(a,b)=∫Ωa⋅b dΩ,⟨a,b⟩=τ−1∫0τ∫Ωa⋅b dΩ dt,[d,e]=∫Cd⋅e dC,
{d,e}=τ−1∫0τ∫Cd⋅e dC dt,where	a,b∈Ω×[0,τ]	and	d,e∈C×[0,τ].In	this	work,	three	types	of	surface-velocity	control	will	be	studied,	i.e.	normal	control	confined	to	the	surface-normal	direction,	streamwise	control	constrained	to	the	surface-tangential	(streamwise)	direction,	and	a	combined	control	with	both	surface-normal	and	streamwise	components.	To	reduce	the	dimension	of	the	control	after	temporal–spatial	discretization,	the	temporal	and	spatial	dependence	for	the	three	types	is	decomposed	as
u(C,t)=G(t)un(C)n,u(C,t)=G(t)um(C)mandu(C,t)=G(t)unm(C),2.2where	un(C)	and	um(C)	are	the	spatial	dependence	of	the	control	on	the	normal	and	streamwise	directions,	respectively;	unm(C)	is	a	vector	denoting	the	spatial	dependence	of	the	combined	control	containing	a	normal	component	and	a	streamwise	component;	n	and	m	denote	the	unit	outward	normal	and	streamwise	vectors	on	the	controlled	surface,	respectively;	G(t)	is	a	prescribed	temporal-dependence	function	defined	as	G(t)=(1−exp(−σ1t2)) exp(iωt),2.3where	the	first	term	on	the	right
ensures	u(C,0)=0	so	as	to	avoid	discontinuity	in	the	numerical	simulation	at	t=0,	considering	that	a	zero	initial	condition	is	adopted	for	the	control-induced	velocity	u;	σ1	is	a	relaxation	factor	and	σ1=100	is	adopted	throughout	this	work;	ω	acts	as	the	frequency	of	the	control	provided	that	the	final	time	τ	is	large	enough.In	the	calculation	of	the	control,	the	temporal	dependence	is	prescribed	and	the	spatial	dependence	un(C),	um(C)	and	unm(C)	are	referred	to	as	the	control	at	frequency	ω.	To	evaluate	the	magnitude	of	the	control,	a	boundary	norm	∥⋅∥b,	also
denoted	as	b-norm	in	the	following,	is	introduced.	This	norm	is	defined	as	the	square	root	of	the	square	integration	of	the	control	along	the	controlled	boundary,	e.g.	for	the	normal	control	∥un∥b=[un,un]1/2.2.4Similar	to	the	velocity	and	pressure	terms,	the	force	acting	on	a	solid	body	can	also	be	decomposed	into	two	components,	i.e.	an	uncontrolled	force	and	a	control-induced	force,	as		f^=	F+	f.The	force	acting	on	a	closed	surface	without	boundary	control	is	well	known	(e.g.	[30]):	F(C)=∫C(Pn−Re−1∂nU) dC.2.5When	the	control	is	imposed,	the	force
becomes	f^=∫C(p^n−Re−1∂nu^+u^u^ ⋅ n) dC,2.6as	derived	in	appendix	A.	The	three	terms	integrated	on	the	right-hand	side	denote	the	pressure,	viscous	and	thrust	forces,	respectively.	Subtracting	the	uncontrolled	force	from	the	controlled	one,	one	obtains	the	control-induced	force	f=∫C(pn−Re−1∂nu) dC.2.7It	is	noted	that	the	pressure	and	viscous	forces	are	first-order	functions	of	the	control-induced	variables,	while	the	thrust	force	is	a	second-order	function.	Therefore,	based	on	the	linear	assumption	(i.e.	the	magnitude	of	the	control	and	control-induced
variables	are	small	compared	with	the	uncontrolled	ones),	the	thrust	force	is	neglected	in	the	above	equation.Since	the	uncontrolled	force	is	constant	with	respect	to	the	control,	the	following	studies	will	be	concentrated	on	the	control-induced	force.	Because	the	force	is	commonly	time-dependent,	it	is	more	useful	to	consider	the	(quasi)	mean	control-induced	force,	whose	component	in	direction	K	can	be	written	as	f¯K=τ−1∫0τf ⋅ KR(t) dt={pn−Re−1∂nu,KR(t)},2.8where	R(t)=1−exp−σ2(t−τ)2	is	a	numerical	factor	introduced	to	remove	the	incompatibility	of
initial	and	boundary	conditions	of	the	adjoint	equation	(see	§2d)	and	σ2=100	is	adopted	throughout	this	work.	It	is	seen	that,	as	the	final	time	τ→∞,	the	influence	of	R	on	f¯	K	tends	to	be	negligible	and	f¯	K	tends	to	the	time-averaged	force	in	direction	K.	Over	the	parameters	considered	in	this	work,	a	further	increase	of	σ	does	not	result	in	any	significant	change	of	the	result.	If	K=(cosα,sinα)T,	where	α	denotes	the	angle	of	attack,	f¯	K	is	the	mean	control-induced	drag;	if	K=(−sinα,	cosα)T,	f¯	K	becomes	the	mean	control-induced	lift.Since	all	the	variables
involved	in	the	governing	equations	have	been	non-dimensionalized,	the	force	coefficient	is	two	times	the	force.	To	simplify	notations,	the	forces	instead	of	force	coefficients	are	used	in	the	following.To	derive	the	sensitivity	of	(mean	control-induced)	force	with	respect	to	control,	an	adjoint	method	is	applied.	Starting	from	the	linearized	NS	equation	and	considering	integration	by	parts	and	the	divergence	theorem	[31],	there	is	−⟨u∗,∂tu−L(u)⟩=⟨u,∂tu∗+L∗(u∗)⟩−τ−1(uτ,uτ∗)+τ−1(u0,u0∗)+τ−1∫0τ∫∂Ωn ⋅ [−U(u ⋅ u∗)+up∗−u∗p+Re−1(∇u ⋅ u∗−∇u∗ ⋅ u)] d∂Ω 
dt,2.9where	∂Ω	represents	all	the	boundaries	of	the	computational	domain;	superscript	*	denotes	the	adjoint	variables;	and	u*τ	and	uτ	are	the	adjoint	and	control-induced	velocity	vectors	at	t=τ,	respectively.	Here,	L∗	is	an	adjoint	operator	of	L	and	correspondingly	∂t	u∗+L∗(	u∗)=0	is	the	adjoint	equation	extensively	used	in	investigations	of	receptivity	and	non-normality	[31–32].	This	adjoint	operator	can	be	expanded	as	L∗(u∗)=U ⋅ ∇u∗−∇U ⋅ u∗−∇p∗+Re−1∇2u∗and∇ ⋅ u∗=0.On	both	the	inflow	and	far-field	boundaries,	zero	Dirichlet	and	computed	Neumann
conditions	are	used	for	adjoint	velocity	and	pressure,	respectively;	on	the	outflow,	a	mixed	velocity	boundary	condition	Re−1∂nu*+n ⋅ Uu*=0	and	a	zero	Dirichlet	pressure	condition	are	implemented	[25];	on	the	controlled	boundary,	Dirichlet	and	computed	Neumann	conditions	are	used	for	adjoint	velocity	and	pressure	terms,	respectively.	Considering	the	sign	of	the	viscous	term	and	the	time	derivative	term,	this	equation	should	be	initialized	at	t=τ	and	integrated	backwards	to	t=0.Since	u	satisfies	the	linearized	NS	equation	and	its	initial	condition	is	zero,
⟨	u∗,∂t	u−L(	u)⟩=0	and	(u0,u*0)=0.	Then	if	the	adjoint	variables	are	solutions	of	the	adjoint	equation	∂t	u∗+L∗(	u∗)=0	initialized	by	zero	initial	condition		uτ∗=0,	all	the	terms	in	(2.9)	are	zero	except	the	last	one.	The	choice	of	boundary	conditions	for	the	adjoint	variables	ensures	that	the	integration	over	the	inflow,	outflow	and	far-field	boundaries	in	this	last	term	is	zero.	Therefore,	(2.9)	can	be	reduced	to	{pn−Re−1∂nu,u∗}={p∗n−Re−1∂nu∗,u}.2.10Combining	(2.8)	and	(2.10),	the	mean	control-induced	force	can	be	reformulated	as	f¯K={p∗n−Re−1∂nu∗,u}by
setting	the	adjoint	velocity	boundary	condition	on	the	controlled	boundary	as	u*=KR(t).	Here,	the	relaxation	factor	R(t)	induces	u*(τ)=0,	which	is	compatible	with	the	zero	initial	condition	of	the	adjoint	velocity.Considering	the	definition	of	the	Gâteaux	differential,	the	gradient	of	the	force	with	respect	to	the	three	types	of	control	can	be	expressed	as	∇unf¯K=τ−1∫0τGn  ⋅  (p∗n−Re−1∂nu∗) dt,2.11∇umf¯K=τ−1∫0τGm  ⋅  (p∗n−Re−1∂nu∗) dt2.12and∇unmf¯K=τ−1∫0τG(p∗n−Re−1∂nu∗) dt.2.13To	calculate	these	gradients,	the	uncontrolled	flow	should	be	computed
first	through	DNS	and	then	the	adjoint	variables	are	solved	by	integrating	the	adjoint	equation.	These	gradients	are	distributed	around	the	surface	of	the	body	and	can	be	interpreted	as	the	sensitivity	of	force	to	control.For	control	with	a	small	enough	given	b-norm,	the	mean	control-induced	force	reaches	maximum	when	the	distribution	of	the	control	coincides	with	the	sensitivity	presented	above.	Therefore,	the	distribution	of	the	most	effective	control	can	be	obtained	by	scaling	the	sensitivity.	Below,	the	surface-normal	control	is	adopted	as	an	example	to
demonstrate	this	relation	between	the	sensitivity	and	the	control.Any	surface	control	can	be	decomposed	into	two	components,	one	parallel	with	the	sensitivity	and	one	normal	to	it.	The	parallel	component	can	be	calculated	by	projecting	the	control	to	the	sensitivity,	up=[un,∇unf¯K][∇unf¯K,∇unf¯K]∇unf¯K.Since	[un,∇unf¯	K]≤∥∇unf¯	K∥b∥un∥b,	it	can	be	derived	that	∥up∥b≤∥un∥b.	Then	according	to	the	definition	of	the	gradient	∇unf¯	K,	the	mean	control-induced	force	is	f¯K=[un,∇unf¯K]=[up,∇unf¯K].2.14Then	if	[un,∇unf¯	K]=0,	un	is	normal	to	the	sensitivity	and
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6256/140/2/546)	Crossref,	ISI,	Google	ScholarPage	14Microstructural	characteristics	influence	the	material	behaviour	of	multicrystalline	metals.	Their	mechanical	response	is	controlled	by	the	dislocation	microstructure,	their	interactions	and	their	complex	interplay	with	other	microstructural	characteristics	like,	e.g.,	precipitates	and	grain	boundaries	(GBs)	[1].	Dislocations	can,	e.g.,	pile	up	at	GBs,	be	absorbed	into	the	GBs	or	be	transmitted	into	the	adjacent	grains	[2].	To	account	for	these	GB	mechanisms	in	continuum	models	is	still	an	open	challenge,	and
only	a	limited	number	of	three-dimensional	models	exist	(e.g.	[3]).	In	this	work,	the	focus	is	on	GB	effects	on	the	local	material	behaviour.	On	that	account,	a	phenomenological	model	for	GB	hardening	is	incorporated	into	a	gradient	plasticity	(GP)	framework.	Regarding	its	prediction	of	the	plastic	strain	close	to	GBs,	it	is	evaluated	by	comparison	to	discrete	dislocation	dynamics	(DDD)	results.GP	theories	are	commonly	used	to	take	into	account	microstructural	characteristics	in	continuum	modelling.	In	order	to	model,	e.g.,	size	effects	[4],	an	internal	length
scale	is	introduced.	Therefore,	an	additional	(defect	energy)	contribution	to	the	Helmholtz	free	energy	of	the	bulk	is	usually	considered.	This	contribution	is	formulated,	for	example,	using	the	gradients	of	plastic	slip	or	the	plastic	deformation	gradient	(e.g.	[5]).	Such	an	extension	requires	equilibrium	conditions	for	the	additionally	arising	microstresses.	Thus,	higher	order	boundary	conditions	(BCs)	are	also	needed.	Choices	for	these	can,	but	not	necessarily	must,	result	from	the	requirement	of	achieving	a	null-expenditure	of	power	by	the	microstresses.	In	[6],
two	such	choices	are	discussed.	These	give	upper	and	lower	bounds	for	the	defect	transfer	restrictions	imposed	by	the	boundary/GB	tractions.	They	are	referred	to	as	‘microscopically	free’	(microfree)	and	‘microscopically	hard’	(microhard)	conditions.	The	microfree	case	corresponds	to	vanishing	tractions	for	the	microstresses,	i.e.	the	tractions	do	not	impede	the	flow	of	dislocations	which	itself	is	modelled,	e.g.,	by	plastic	strain	rates.	An	unrestricted	flow	of	dislocations	across	the	boundary	corresponds	to	continuous	plastic	strain	rates.	Whether	these	are
continuous	also	depends	on	the	material	model	applied	and	the	mechanical	BCs.	For	the	opposing	microhard	condition,	the	slip	rates	are	set	to	vanish	on	the	boundary.	This	condition	corresponds	to	a	non-passing	restriction	on	dislocations.	Both	BCs	can	also	be	applied	for	the	case	of	only	one	accumulated	plastic	slip.	In	[7],	this	is	discussed,	e.g.	for	the	gradient	theory	of	Aifantis	[8,9].	However,	these	two	bounds	for	BCs	are	not	applicable	to	all	types	of	GB	behaviour.	Van	Beers	et	al.	[10],	e.g.,	give	an	overview	about	the	possible	interactions	between
dislocations	and	GBs.	One	approach	to	achieve	GB	behaviour	in	between	the	above-described	‘simple’	conditions	is	the	introduction	of	a	GB	energy	(e.g.	the	quadratic	energies	in	[11,12],	and	the	more	general	forms	in	[13,14]).	GB	hardening	can	be	modelled	with	such	energy	approaches	(see	also	[15,16]).The	consideration	of	GBs	in	GP	models	requires	to	specify	the	continuity	of	quantities	like	plastic	strain	and	microstresses	at	these	interfaces.	In	[15],	continuity	of	the	plastic	strain	is	assumed.	Jumps	in	its	gradient,	however,	are	allowed	for.	This	model	has
shown	good	agreement	with	experiments	for	a	one-dimensional	case.	In	Gurtin	&	Needleman	[6],	jumps	in	the	Burgers	vector	flow	across	the	GB	are	considered.	The	higher	order	stresses	are,	however,	assumed	continuous	across	the	GB.	For	a	detailed	overview	on	modelling	approaches	with	regard	to	the	continuity	of	higher	order	quantities,	see	[16].	In	the	field	theory	of	defects	by	Fressengeas	et	al.	[17],	the	tangential	continuity	of	different	elastic/plastic	tensors	across	an	interface	is	derived	from	the	conservation	of	Burgers	and	Frank	vectors,	and
compatibility	conditions	are	established	at	multiple	junctions.Naturally,	continuum	models	and	the	employed	hardening	relations	are	intended	to	be	calibrated	to	experiments.	Latent	hardening	models	(e.g.	[18–20])	are	commonly	used	(e.g.	[21,22]).	They	take	hardening	occurring	in	other	(than	primary)	slip	systems	due	to	slip	in	primary	slip	systems	into	account.	The	Mises–Hill	framework	of	[23]	considers	self-hardening	(i.e.	slip	systems	harden	due	to	their	own	plastic	slip)	and	latent	hardening.	A	hardening	rule	is	introduced	on	the	individual	slip	systems
and	takes	accumulated	plastic	slips	into	account.	Furthermore,	hardening	approaches	based	on	scalar	plastic	strain	measures	have	been	developed	(see	[24]	for	a	brief	overview).	Such	approaches	allow	for	rapid	parameter	calibration	with	a	manageable	number	of	experiments.However,	it	is	challenging	to	develop	appropriate	experimental	settings	that	can	be	easily	varied	to	investigate	several	test	cases.	To	overcome	these	experimental	challenges,	DDD	simulations	are	used	in	this	work.	The	physically	detailed	modelling	of	plasticity	by	DDD	results	in
information	about	the	effects	of	the	dislocation	interactions.	In	such	approaches	(e.g.	[25–30]),	the	plastic	response	is	directly	computed	from	individual	dislocation	motions.	Dislocations	are	described	as	elastically	interacting	line	defects	and	are	discretized	as	polygons.	Physical	mechanisms	of	dislocation	glide,	cross-slip	and	reactions	are	treated	with	constitutive	rules.	In	the	DDD	framework	of	the	present	work	[31–33],	GBs	confine	dislocation	motion	to	remain	within	the	respective	grains.	Nevertheless,	total	transparency	of	the	GBs	to	stress	and
displacement	fields	of	each	dislocation	(and,	thus,	the	elastic	interaction	of	dislocations	across	GBs)	is	preserved.	From	the	results	of	DDD	simulations,	conclusions	can	be	drawn	to	incorporate	the	dislocation	behaviour	in	the	GP	model	phenomenologically.	Bardella	et	al.	[34],	e.g.,	use	a	strain	gradient	extension	of	conventional	latent	hardening	and	benchmark	it	with	DDD	results	for	a	simple	shear	problem.	In	Aifantis	et	al.	[35],	a	tricrystal	tensile	setting	of	microsize	is	used	to	compare	results	of	a	GP	model	with	DDD	results.	The	GB	modelling	in	the	DDD
simulations	is	the	same	as	in	this	work,	i.e.	dislocation	glide	is	restricted	to	remain	within	the	grains.	Microhard	BCs	are	used	in	the	used	GP	model	of	[35].	However,	in	a	re-evaluation	of	the	data	and	GP	theory	of	Aifantis	et	al.	[35],	Zhang	et	al.	[36]	showed	that	a	much	better	agreement	between	DDD	and	GP	results	is	obtained	by	using	GB	yielding	in	the	GP	model.The	theoretical	basis	for	the	GP	model	of	the	work	at	hand	is	the	framework	by	Wulfinghoff	et	al.	[37],	which	supplements	[38]	(see	[39]	for	the	time	integration	algorithm)	by	a	GB	energy	and	a	GB
yield	condition.	In	the	energetic	framework	used,	the	GB	energy	models	the	storage	of	energy	due	to	the	accumulation	of	defects	at	the	GBs.	The	GB	yield	strength	models	the	resistance	of	the	GBs	against	plastic	flow,	necessary	to	match	the	strain	profiles	obtained	by	DDD	in	this	work.	For	numerically	efficient	computations,	the	gradient	contribution	to	the	free	energy	is	formulated	with	respect	to	a	scalar	equivalent	plastic	strain	γeq,	instead	of	considering	gradients	of	all	plastic	slips	individually.	Thus,	a	pragmatic	engineering	approach	rather	than	a
physical	approach	is	taken.	Usually,	the	magnitude	of	size	effects	modelled	with	GP	is	associated	with	the	internal	length	scale	used	in	models.	Such	a	length	scale	is	introduced	in	the	mentioned	framework	via	a	quadratic	defect	energy	(see	[37],	and	§2b(iii)	for	details).	Increasing	the	GB	yield	strength	in	this	model,	however,	significantly	intensifies	the	magnitude	of	size	effects	observed.	Changing	the	internal	length	scale	has	a	significantly	smaller	effect,	see	[37].	Additionally,	in	[37],	an	isotropic	Voce	hardening	law	for	the	bulk,	also	posed	in	terms	of	γeq,	is
used.	This	phenomenologically	accounts	for	hardening	associated	with	mechanisms	like	dislocation	trapping.	The	combination	of	these	approaches	has	shown	to	give	good	agreement	with	the	size	effect	results	from	a	tensile	test	experiment	on	microwires	[37].	In	addition,	it	has	been	shown	in	[40]	that	the	γeq-distributions,	obtained	from	simulations	of	single-crystalline	gold	microwires,	are	compatible	with	the	experimentally	determined	kernel	average	misorientation	distributions	in	cross	sections	of	these	microwires.Owing	to	numerical	reasons,	a
micromorphic	approach,	suggested	by	Forest	[41],	is	used	for	the	implementation	of	the	theory	at	hand.	In	the	micromorphic	approach,	additional	variables	are	introduced	as	additional	internal	degrees	of	freedom.	Micromorphic	theories	belong	to	the	class	of	generalized	continuum	theories.	It	can	be	formally	shown	that	gradient	theories,	which	also	belong	to	this	class,	are	special	cases	of	micromorphic	theories	(see	[42],	and	also	[43]	for	an	overview	on	dislocations	in	generalized	continua	frameworks).	In	[41],	a	general	framework	for	the	micromorphic
approach	is	outlined.	It	includes	balance	equations	governing	the	micromorphic	degrees	of	freedom,	BCs	and	higher	order	stresses	(see	also	the	references	in	[41]).	An	overview	of	applications	to,	e.g.,	elasticity	and	GP	is	also	given.	In	this	context,	it	is	described	in	detail	that	models	formulated	with	the	micromorphic	approach	are	related	to	existing	gradient	models.	Therefore,	the	micromorphic	variable	is	constrained	to	be	equal	to	its	(macro)	counterpart.	This	constraint	can	be	imposed	by	a	penalty	term	in	the	free	energy.	The	constrained	micromorphic
approach	yields	models	that,	e.g.,	belong	to	the	class	of	gradient	of	internal	variable	models	[44].	For	instance,	the	gradient	theory	by	Gurtin	[45]	can	be	regarded	as	a	constrained	micromorphic	theory	[41].In	the	work	at	hand,	the	GP	approach	by	Wulfinghoff	[37],	implemented	within	a	constrained	micromorphic	approach	[41],	is	extended	by	GB	hardening.	Fully	three-dimensional	GP	simulations	are	performed.	The	GP	results	are	compared	to	DDD	results.	This	comparison	includes	GP	results	obtained	by	using	Voce	hardening	on	one	hand,	and	GP	results
obtained	by	using	GB	hardening	on	the	other	hand.	Different	crystal	orientations	and,	consequently,	different	slip	system	mismatches	between	adjacent	grains,	are	considered.Notation.	A	direct	tensor	notation	is	preferred	throughout	the	text.	Vectors	and	the	second-order	tensors	are	denoted	by	bold	letters,	e.g.	by	a	or	A.	A	linear	mapping	of	the	second-order	tensors	by	a	fourth-order	tensor	is	written	as		A=C[	B].	The	scalar	product	and	the	dyadic	product	are	denoted	by	A⋅B	and	A⊗B,	respectively.	The	composition	of	two	second-order	tensors	is	formulated
by	AB.	Matrices	are	denoted	by	a	hat,	e.g.	ε^.The	presence	of	GBs	in	microstructured	materials	leads	to	dislocation	pile-ups	that	influence	the	overall	work	hardening.	In	many	crystal	plasticity	continuum	models,	the	dislocation-induced	hardening	mechanisms	are	modelled	by,	e.g.,	isotropic	hardening	relations	for	the	bulk	material.	When	solely	the	overall	mechanical	properties	are	of	interest,	this	procedure	is	able	to	achieve	good	results.	In	the	work	at	hand,	however,	the	distribution	of	plastic	strain	is	evaluated,	additionally.	It	is	investigated	if	the
localization	of	plastic	strain,	resulting	from	pile-ups	of	dislocations	observed	at	impenetrable	GBs	in	DDD	simulations,	can	be	accounted	for	by	a	GP	model	with	GB	yielding.	A	direct	translation	of	the	DDD	GB	conditions	to	the	GP	model	is	not	possible	due	to	the	coarsening	in	the	continuum	approach.	In	order	to	account	for	work	hardening,	at	first,	a	bulk	Voce	law	is	used	since	it	has	given	promising	results	in	combination	with	GB	yielding	in	a	previous	work	[37].	It	is	shown	here,	however,	that	this	approach	is	not	able	to	capture	the	evolution	of	the	plastic
strain	in	the	vicinity	of	the	GBs.	As	an	alternative	to	this	bulk	hardening	model,	a	GB	hardening	relation	is	used,	subsequently.	This	relation	takes	the	equivalent	plastic	strain	at	the	GBs	into	account.	The	explicit	association	of	hardening	to	the	GBs	is	motivated	by	observations	in	the	DDD	simulations.	Dislocations	entangle	localized	as	pile-ups	close	to	the	GBs.	In	the	context	of	GB	yielding,	it	is	also	noteworthy	that	in	[15],	GB	yield	stresses	are	estimated	based	on	indentation	studies.	The	authors	attributed	the	observed	increase	in	hardness	near	the	GB	(and,
thus,	an	increase	in	resolved	shear	stress)	to	dislocation	pile-ups	[46].	Keeping	this	in	mind,	the	explicit	consideration	of	the	GBs	in	the	hardening	relation	of	the	GP	model	is	justifiable.In	a	geometrically	linear	framework	for	deformations,	the	strain	tensor	reads	ε=sym(∇u).	The	displacement	gradient	is	given	by	∇u=∂xjuiei⊗ej,	in	terms	of	the	basis	vectors	{e1,e2,e3}	in	a	Cartesian	coordinate	system.	Furthermore,	the	plastic	strain	tensor	is	εp=∑αλαMαs.2.1The	symmetric	part	of	the	Schmid	tensor	reads		Mαs=sym(	dα⊗	nα)	with	the	slip	systems	α=1,2,…,N.
Slip	directions	are	indicated	by	dα	and	the	slip	plane	normals	by	nα.	It	should	be	noted	that	in	the	following	plastic	slip	parameters	λα	are	used.	They	increase	monotonously,	i.e.	λ˙α≥0	in	this	work.	Because	the	focus	is	on	face-centred	cubic	(FCC)	crystals,	the	number	of	slip	parameters	is	N=24.	Considering	12	slip	systems,	each	with	two	directionally	dependent	slips,	would	be	equivalent.	Additive	decomposition	of	the	strain	tensor	leads	to	the	elastic	strain	tensor	εe=ε−εp,	where	ε	is	the	total	strain	tensor.	The	equivalent	plastic	strain	measure	is	introduced
as	(cf.	[38])	γeq(λ^)=∑α∫λ˙α dt=∑αλα.2.2The	field	equations	can	be	derived	from	the	principle	of	virtual	power.	It	states	that	the	virtual	power	of	the	internal	forces	δPint	equals	the	virtual	power	of	the	external	forces	δPext.	Body	forces	are	not	present	in	the	following	derivations.	The	internal	power	density	of	the	bulk,	pvol,	is	assumed	to	be	given	by	pvol=σ⋅ε˙+πζ˙+ξ⋅∇ζ˙.2.3This	statement	is	an	extension	of	the	classic	power	of	internal	forces.	It	takes	the	power	expended	by	generalized	stresses,	via	the	rate	of	a	micromorphic	field	variable	ζ	and	via	the	rate
of	its	gradient,	into	account	[47].	The	stresses	σ,	π	and	ξ	are	work	conjugate	to	ε˙,	ζ˙	and	∇ζ˙,	respectively,	where	the	scalar	micromorphic	variable	ζ	is	a	different	quantity	from	the	magnitude	ξ	of	the	vectorial	microstress	ξ.	The	body	B	has	an	external	boundary	∂B	and	internal	boundaries	denoted	by	the	union	Γ	of	all	GBs.	Then,	the	internal	power	Pint	is	assumed	to	be	given	in	terms	of	the	volume	integral	over	the	internal	bulk	power	density	pvol	and	the	area	integral	over	the	power	density	on	the	union	Γ	of	all	GBs,	i.e.	Pint=∫Bpvol dv+∫ΓΞΓζ˙ da.2.4The	GB
microtraction	ΞΓ	is	associated	with	ζ˙	on	the	GBs.	In	fact,	this	microtraction	is	imposed	in	form	of	a	jump	condition	for	the	microstresses	on	the	GBs,	as	shown	below.	Furthermore,	the	micromorphic	counterpart	ζ	of	the	equivalent	plastic	strain	γeq	is	assumed	to	be	continuous	across	the	GBs	(cf.	[37]).	Consequently,	possible	jumps	in	ζ	are	neglected	in	the	following	(see	also	the	discussion	in	§6e).The	external	power	Pext	is	assumed	to	consist	of	the	following	two	contributions:	Pext=∫∂B(t¯⋅u˙+Ξ¯ζ˙) da.2.5This	takes	into	account	the	power	expended	by
tractions	t¯	and	microtractions	Ξ¯,	respectively,	at	the	external	boundary	∂B.	Owing	to	the	simplification	of	considering	an	equivalent	plastic	strain	γeq,	and	an	additional	micromorphic	field	variable	ζ	with	its	gradient	∇ζ,	only	one	microtraction	Ξ¯	associated	with	the	rate	ζ˙	is	accounted	for	on	the	external	boundary.	This	microtraction	is	imposed	as	a	BC	for	the	microstress,	as	it	is	shown	below.	In	models	that	account	for	the	individual	slips	or	dislocation	densities	as	field	variables	it	is,	in	principle,	possible	to	prescribe	microtractions	for	the	individual	slip
systems.	Whether	this	is	applicable	depends	on	the	model	and	the	employed	higher	order	quantities	(e.g.	[6,48]).	In	the	following,		u˙=δ	u˙,	and	ζ˙=δζ˙,	where	δu˙	and	δζ˙	are	arbitrary	virtual	rates	that	vanish	at	the	Dirichlet	boundaries	∂Bu	for	given	uζ.	The	virtual	power	of	the	external	forces	is	then	given	by	δPext=∫∂Btt¯⋅δu˙ da+∫∂BΞΞ¯ δζ˙da,2.6with	∂B=∂Bt∪∂BΞ∪∂Bu	and	∂Bt∪∂BΞ∩∂Bu=Ø.	For	the	same	choice	of	virtual	rates,	the	virtual	power	of	the	internal	forces,	consequently,	reads	δPint=∫B(σ⋅δε˙+πδζ˙+ξ⋅∇δζ˙)dv+∫ΓΞΓδζ˙da.2.7Here,	it	should	be
noted	that	the	variables	εp	and	ζ	are,	a	priori,	chosen	to	be	independent,	i.e.	δε˙p=0	(cf.	[49]).	With	δPint=δPext	and	a	standard	procedure	(e.g.	[50]),	it	is	possible	to	derive	the	field	equations,	the	Neumann	BCs	and	the	GB	conditions	(see	also	[38,49]).	In	box	1,	the	resulting	field	equations	are	summarized.	The	classic	balance	of	linear	momentum	is	supplemented	by	a	microforce	balance.	This	takes	into	account	the	microstresses	occurring	due	to	the	introduction	of	additional	contributions	to	the	internal	power	density.	These	terms	consider	the	rates	of	the
micromorphic	field	variable	ζ,	and	its	gradient	∇ζ.	Consequently,	additional	microtraction	conditions	for	the	gradient	stress	ξ	at	the	GBs	and	at	the	external	boundary	supplement	the	Neumann	BC	of	the	Cauchy	stress.Box	1.	Field	equations	and	BCs.	The	jump	of	ξ	is	denoted	by	⟦ξ⟧=ξ+−ξ−.	The	GB	normal	points	from	‘−’	to	‘+’.	linear	momentum	balance0=div(σ)∀ x∈Bmicroforce	balanceπ=divξ∀ x∈B∖ΓGB	microtractionΞΓ=⟦ξ⟧⋅n∀ x∈ΓNeumann	BCs	for:	Cauchy	stressσn=t¯on ∂BtGradient	stressξ⋅n=Ξ¯on ∂BΞFree	energy	density.	Following	the	model	of	[37],	the
free	energy	density	in	the	bulk	is	assumed	to	have	an	elastic	(We),	an	isotropic	hardening	(Wh)	and	a	defect	(Wg)	contribution,	i.e.	W(ε,λ^,ζ,∇ζ)=We(ε,εp(λ^))+Wh(ζ)+Wg(∇ζ)+Wχ(ζ−γeq(λ^)).2.8The	need	for	additional	contributions	to	the	free	energy	arises	from	the	coarsening	in	the	continuum	modelling	of	the	elastic	energy.	However,	distinct	dislocation	phenomena	are	modelled	here	using	the	two	contributions	Wh(ζ)	and	Wg(∇ζ):	on	one	hand,	the	isotropic	hardening	resulting	from	statistically	stored	dislocations,	and,	on	the	other	hand,	the	influence	of
geometrically	necessary	dislocations.The	coupling	of	ζ	and	γeq	is	achieved	by	using	Wχ(ζ−γeq(λ^))=Hχ(ζ−γeq)2/2.	This	penalty	energy	ensures	that	ζ≈γeq	for	a	sufficiently	large	penalty	parameter	Hχ.	Thus,	in	equation	(2.8),	the	gradient	extension	is	also	performed	in	terms	of	the	micromorphic	field	variable	ζ,	instead	of	γeq.	The	dependence	of	the	free	energy	on	the	accumulated	plastic	slip	represents	a	rather	simple	phenomenological	approach.	This	slip	does	not	represent	a	state	variable	describing	the	internal	defect	structure	locally.	The	elastic	energy
density	reads	We(ε,εp(λ^))=(ε−εp(λ^))⋅C[ε−εp(λ^)]/2.	Here,	C	denotes	the	elastic	stiffness	tensor.	Additionally,	an	isotropic,	rate-independent,	Voce	hardening	relation	is	used	via	Wh(ζ)=(τ∞C−τ0C)ζ+1Θ(τ∞C−τ0C)2exp(−Θζ(τ∞C−τ0C)),2.9with	the	initial	yield	stress	τ0C,	the	saturation	stress	τ∞C	and	the	initial	hardening	modulus	Θ.	This	hardening	energy	is	obtained	by	an	integration	of	a	chosen	relation	for	the	hardening	stress	of	all	slip	systems.	Instead,	it	is	possible	to	include	a	dissipative	hardening	contribution	on	each	slip	system.	This	approach	would,
however,	lead	to	the	same	material	behaviour.	The	defect	energy	reads	Wg(∇ζ)=12KG∇ζ⋅∇ζ,2.10and	introduces	a	length	scale	into	the	model	by	means	of	the	defect	parameter	KG	(which	is	assumed	to	be	a	constant	here).	The	quadratic	formulation	of	the	defect	energy	gives	a	linear	dependence	of	the	microstress	ξ	on	the	gradient	∇ζ.	This	gradient	could	be	interpreted	as	an	approximative	measure	for	geometrically	necessary	dislocation	(GND)	densities	[37].	This	simplification	of	representing	dislocations	using	an	equivalent	measure	is	only	possible	for
monotonic	loading	processes	since	ζ˙≥0.	By	the	quadratic	choice	in	equation	(2.10),	the	well-posedness	of	the	boundary	problem,	with	respect	to	the	defect	energy,	is	ensured.	In	this	context,	see	the	discussion	of	a	quadratic	defect	energy	function	in	[51].	There,	however,	the	discussed	defect	energy	depends	on	the	sum	over	the	slip	gradients	rather	than	on	the	gradient	of	the	micromorphic	counterpart	of	the	sum	over	the	slip	parameters.	Additionally,	the	gradient	stresses	resulting	from	equation	(2.10)	could	also	be	introduced	within	a	dissipative	framework
rather	than	in	an	energetic	one	(e.g.	[52]	provides	a	fundamental	discussion	on	the	matter	of	dissipative	and	energetic	frameworks).In	addition	to	the	bulk	free	energy	density	W,	an	energy	density	per	unit	surface	has	been	introduced	on	the	GBs	in	[37]	WΓ(ζ)=Ξ0Cζ.2.11In	combination	with	a	GB	yield	criterion,	this	leads	to	an	explicit	consideration	of	GB	yielding	in	the	continuum	model,	cf.	also	the	brief	discussion	of	GB	energies	in	the	Introduction.Hardening	extension	of	energy	density	on	the	grain	boundary.	The	GP	model	is	extended	to	account	for
hardening	considering	the	plastic	deformation	of	the	GBs.	Therefore,	the	following	extension	of	the	GB	energy,	equation	(2.11),	is	proposed:	WΓ(ζ)=Ξ0Cζ+12KHζ2,2.12where	KH	is	a	GB	hardening	parameter.	Contrary	to	equation	(2.11),	this	GB	energy	leads	to	an	increasing	GB	yield	strength	in	the	additional	GB	yield	criterion	used	in	this	work.	Consequently,	the	GB	yield	strength	increases	in	dependence	of	ζ.	This	mechanism	phenomenologically	accounts	in	the	continuum	model	for	the	strengthening	effects	caused	by	the	pile-ups	of	dislocations	at	the
impenetrable	GBs	in	the	discrete	model.Dissipation.	Upon	neglecting	thermal	effects,	the	total	dissipation	reads	Dtot=Pext−∫BW˙dv−∫ΓW˙Γda≥0.2.13After	exploiting	Pext=Pint,	it	can	be	summarized	as	Dtot=∫BDdv+∫ΓDΓda≥0.2.14Substitution	of	equation	(2.8)	in	equation	(2.13)	gives	a	bulk	dissipation	in	equation	(2.14)	that	reads	D=(σ−∂εWe)⋅ε˙−∂εpWe⋅ε˙p+(π−∂ζWh−∂ζWχ)ζ˙−∂γeqWχγeq˙+(ξ−∂ ∇ζWg)⋅∇ζ˙≥0.2.15Introducing	the	abbreviation	pˇ=∂γeqWχ=−∂ζWχ,	assuming	the	stresses	σ,	π,	and	ξ	to	be	purely	energetic,	and	substituting	∂εpWe=−σ	leads
to	a	reduced	bulk	dissipation	inequality	of	the	form	D=σ⋅ε˙p−pˇ γ˙eq≥0.2.16Resulting	from	the	micromorphic	approach,	the	(reduced)	dissipation	inequality	includes	a	stress	pˇ	that	is	associated	with	the	difference	γeq−ζ	(see	also	[41]).	It	is	assumed	that	the	bulk	dissipation	is	induced	by	the	dissipative	shear	stresses	ταd	of	the	individual	slip	systems,	e.g.	[53],	D=∑αταdλ˙α.2.17Consequently,	after	combining	equations	(2.1)	and	(2.2)	with	equations	(2.16)	and	(2.17),	using	the	microforce	balance	equation	from	box	1	as	well	as	the	abbreviation	β=∂ζWh,	the
dissipative	shear	stresses	read	ταd=τα+div(ξ)−β,2.18with	the	resolved	shear	stresses	τα=σ⋅MSα,	and	the	hardening	microstress	β.Furthermore,	the	GB	dissipation	from	equations	(2.13)	and	(2.14),	respectively,	reads	DΓ=(ΞΓ−ΞΓe) ζ˙=ΞΓd ζ˙≥0,2.19where	ΞΓd	is	the	dissipative	GB	microtraction.	The	energetic	GB	microtraction	ΞΓe	reads	ΞΓe=∂ζWΓ=Ξ0C+KHζ.2.20Flow	rules	for	the	bulk	and	the	grain	boundary.	The	flow	rule	for	the	bulk	is	assumed	to	be	of	overstress	type,	formulated	in	the	slip	parameter	rates	λ˙α,	λ˙α=γ˙0⟨ταd−τ0CτD⟩p=γ˙0⟨τα+div(ξ)−
(τ0C+β)τD⟩p,2.21with	the	reference	shear	rate	γ˙0,	the	drag	stress	τD	and	the	rate	sensitivity	exponent	p.	The	GB	yield	function	is	introduced	as	fΓ=ΞΓd=⟦ξ⟧⋅n−ΞΓe=⟦ξ⟧⋅n−(Ξ0C+KHζ),2.22where	the	GB	itself	is	assumed	to	deform	dissipation-free.	However,	in	principle,	it	is	possible	to	additionally	consider	GB	dissipation.	Contrary	to	a	GB	yield	strength	resulting	from	equation	(2.11),	the	GB	yield	strength	stemming	from	equation	(2.12)	combines	a	constant	initial	yield	strength	with	an	additional	contribution	linearly	increasing	with	ζ,	i.e.	with	proceeding
plastic	deformation.	For	the	GB,	the	Kuhn–Tucker	conditions	read	fΓ≤0, ζ˙≥0, ζ˙fΓ=0,	where	the	GB	is	assumed	to	behave	rate-independently.As	a	data	basis	for	the	parameter	calibration	of	the	GP	model,	a	multitude	of	DDD	simulations	is	carried	out.	The	discrete	dislocation	results	are	obtained	with	the	DDD	code	described	in	detail	in	[31–33],	including	the	analysis	of	the	elastic	interactions	of	dislocations	as	well	as	the	resulting	plastic	deformation	of	a	sample.	The	framework	allows	simulating	polycrystalline	aggregates.	For	brevity,	only	a	short	description
of	the	framework	is	given.	Material	parameters,	interface	and	BCs,	and	the	simulation	set-up	are	outlined.	The	necessary	ensemble	averaging	procedure	is	described	by	which	simulation	results	directly	comparable	to	the	(non-scattering)	GP	simulation	results	are	obtained.In	the	DDD	code,	an	individual	crystallographic	orientation	is	assigned	to	each	grain	and	isotropic	linear	elasticity	is	used.	An	FCC	crystal	system	with	elastic	constants	mimicking	aluminium	(shear	modulus	G=27 GPa,	Poisson’s	ratio	ν=0.347)	is	used.	The	initial	dislocation	configurations	are
chosen	such	that	the	system	is	placed	in	the	multiplication	controlled	regime	[54].	Frank–Read	(FR)	sources	are,	therefore,	distributed	randomly	with	respect	to	position	and	orientation.	This	procedure	is	performed	under	the	restriction	that	each	slip	system	in	each	grain	contains	the	same	number	of	sources.	The	initial	source	length	is	chosen	to	vary	between	0.16	and	0.27 μm	in	order	to	reduce	artificiality	that	would	be	introduced	into	the	model	by	the	choice	of	a	uniform	FR	source	length.	Using	this	procedure,	the	initial	dislocation	density	is	about
ρ≈7.5×1013 m−2.	The	sources	are	approximately	two	times	larger	than	the	mean	dislocation	spacing	ℓ=1/ρ≈0.12 μm,	which	places	the	system	behaviour	in	the	multiplication	controlled	plasticity	regime	[36,54].	Consequently,	the	work	hardening	is	influenced	by	dislocation	reactions,	as	opposed	to	single	source	controlled	plasticity.	Thus,	a	comparison	of	DDD	results	with	results	from	a	continuum	model	is	feasible.Strain	rate	controlled	tensile	tests	are	simulated	along	the	100-axis	(which	is	the	x-axis	of	the	in-laboratory	frame)	of	a	tricrystal	geometry	(cf.
figure	1)	with	a	strain	rate	of	ε˙=5000 s−1	during	the	simulation	time	t.	This	rate	is	chosen	due	to	the	small	time	scale	at	which	DDD	operates.	It	is	assumed	that	the	plastic	behaviour	is	independent	of	the	strain	rate	[26].	In	order	to	investigate	different	dislocation	interaction	behaviour	across	the	GBs	in	the	model,	the	crystal	orientation	of	the	central	grain	is	rotated	by	an	angle	φ	around	the	x-axis	(cf.	also	§5a).	The	size	of	the	cubic	grains	is	set	to	0.75 μm	and	the	BCs	applied	are	as	follows.	On	the	two	bounding	planes	(in	loading	direction),	the
displacements	ux(x=0)=0	and	ux(x=xmax)=xmaxε˙t,	respectively,	are	prescribed	while	the	displacements	orthogonal	to	the	loading	axis	are	set	to	zero	(except	for	one	special	case,	cf.	§5c).	All	other	boundaries	are	traction	free	and	dislocations	are	allowed	to	leave	the	volume,	there.	Figure	1.	Equivalent	plastic	strain	field	obtained	in	a	GP	FEM	simulation	without	lateral	contraction	at	the	boundaries	and	finite	values	of	the	GB	yield	strength	((a)	depicted	are	the	Gauss	point	subvolumes).	DDD	simulation	with	impenetrable	GBs	((b)	dashed	lines	indicate	the
GBs).	(Online	version	in	colour.)Download	figureOpen	in	new	tabDownload	PowerPointOwing	to	the	discrete	nature	of	DDD,	the	scatter	in	the	results	depends	on	the	dislocation	structure	and	density.	The	higher	the	density,	the	closer	DDD	results	from	individual	simulations	come	to	a	continuum-like	profile.	However,	the	size	of	the	set-ups	considered	in	this	work	is	within	the	size	effect	regime,	where	individual	dislocations	control	plasticity.	Thus,	a	suitable	averaging	procedure	is	necessary	as	a	prerequisite	to	calibrate	GP	model	parameters	to	these	results.
Therefore,	averaging	over	an	ensemble	of	simulations	is	performed.	Once	all	DDD	simulations	are	carried	out,	the	plastic	strain	of	each	realization	is	directly	evaluated	from	the	swept	areas	of	all	discrete	dislocations.	This	postprocessing	procedure	considers	slices	perpendicular	to	the	tensile	axis.	Subsequently,	the	DDD	results	from	a	number	of	simulations	M	are	averaged,	for	one	set	of	BCs	and	crystal	orientations:	1. The	contribution	of	a	slip	system	α	to	the	plastic	strain	tensor	is	calculated	in	each	slice	of	the	volume	V	via	εpα=bAα/(2V)(dα⊗nα+nα⊗dα),
where	b	is	the	length	of	the	Burgers	vector,	and	Aα	the	swept	area	of	dislocations	of	slip	system	α.2. The	slip	system	contributions	εpα	to	the	plastic	strain	tensor	εp	of	a	slice	are	superposed.3. The	mean	plastic	strain	per	slice	is	obtained	by	averaging	twice:	(a) Averaging	the	plastic	strain	arithmetically,	i.e.	over	approximately	5	DDD	simulations.(b) Averaging	the	plastic	strain	over	equivalent	volumes	regarding	the	crystallographic	mirror-symmetry	in	the	x-direction	at	x=0.5xmax.	Thus,	the	data	from	DDD	are	doubled	and,	therefore,	further	smoothed.
This	is,	formally,	similar	to	the	averaging	over	all	symmetry-equivalent	components	of	the	dislocation	density	tensor	and	symmetry-equivalent	positions	along	the	x-axis	in	[35].The	number	of	slices	along	the	tensile	axis	is	chosen	to	be	150,	resulting	in	a	slice	thickness	of	15 nm.	This	is	based	on	the	evaluation	of	the	mean	dislocation	spacing	in	the	pile-up	close	to	the	GBs	of	approximately	1/ρ≈25 nm.	With	150	slices,	the	evaluation	resolution	is	almost	two	times	higher	than	the	mean	dislocation	spacing	in	the	pile-up,	sufficient	to	capture	the	strain	gradients.
The	GB	itself	does	not	exhibit	plastic	strain,	but	the	slices	adjacent	to	it	do.	The	averaging	procedure	renders	the	spatial	distribution	of	plastic	strain	to	be	one-dimensional.	All	dislocations	add	to	the	produced	plastic	slip—and	thus	to	the	plastic	strain—regardless	of	their	locations	in	the	cross	sections.	The	averaged	DDD	results	are	used	to	calibrate	the	GP	model	parameters.In	this	section,	the	set-up	of	the	finite-element	(FE)	simulations	for	the	GP	model	with	an	in-house	code	is	discussed	(for	details	on	the	FE	implementation	see	[37,39]).	In	all	simulations,	a
tricrystal	composed	of	0.75 μm	wide	cubic	grains	is	considered	under	tensile	loading	with	Dirichlet	conditions	(Δux=0.005L0,	L0=2.25 μm,	cf.	figure	1).	Lateral	contraction	on	the	boundary	planes	at	x=0,	and	at	x=xmax,	respectively,	is	prohibited	(except	for	one	special	case,	cf.	§5c).	The	restriction	of	lateral	contraction	(see	also	figure	1)	is	abbreviated	by	NLC	in	the	following.	At	the	beginning	of	the	simulation,	the	equivalent	plastic	strain	γeq	(and	its	micromorphic	counterpart	ζ)	are	set	to	zero	everywhere.	FE	nodes	on	the	GB	planes	as	well	as	on	the
boundary	planes	are	assigned	a	GB	yield	strength	and	are	set	to	microhard	behaviour	at	the	beginning.	Once	the	(GB)	yield	condition	at	these	nodes	is	fulfilled,	they	are	allowed	to	yield.	The	motivation	for	assigning	a	GB	yield	strength	to	the	boundary	planes,	too,	is	drawn	from	the	BCs	in	the	DDD	simulations	that	lead	to	pile-ups	of	dislocations	at	the	boundaries	as	well	(cf.	§3b).	For	details	on	the	active	set	search	for	the	(grain)	boundary	nodes	in	the	GP	simulations,	the	reader	is	referred	to	[37].An	elastically	isotropic,	but	plastically	anisotropic	aluminium-
like	material	is	considered	throughout	the	following	GP	simulations.	At	first,	the	100-orientation	of	the	three	grains	with	FCC	crystal	structure	is	oriented	aligned	with	the	x-axis	of	the	Cartesian	x,y,z-systems.	The	central	grain	is	rotated	by	an	angle	φ,	subsequently	(see	also	§3c).	As	a	first	approach	to	investigate	the	interaction	behaviour	across	GBs	with	both	models,	three	representative	cases,	φ∈{0∘,5∘,35∘},	are	selected.	Thus,	the	ideal	case	of	vanishing	mismatch	between	the	slip	systems	of	adjacent	grains	(and,	consequently,	unrestricted	interaction	of
dislocations	across	the	GBs)	is	supplemented	with	a	case	of	small	mismatch	(yet	still	strong	interaction)	and	a	case	of	large	mismatch	(weak	interaction)	between	adjacent	grains.The	chosen	FE	mesh	for	the	GP	simulations	consists	of	12×12×12	elements	for	each	grain,	i.e.	in	total	25 012	degrees	of	freedom.	It	is	chosen	as	a	compromise	between	computational	time	and	accuracy.	Compared	to	the	chosen	discretization,	a	refinement	of	the	mesh	with	approximately	twice	the	number	of	degrees	of	freedom	yields	a	relative	error	in	the	stress–strain	response	at
the	final	time-step	of	less	than	0.01.The	GP	model	parameters	are	calibrated	such	that	the	overall	mechanical	response	matches	the	averaged	stress–strain	results	of	the	DDD	simulations.	This	consideration	is	not	sufficient	alone	since	distributions	of	the	plastic	strain,	e.g.	along	a	line	segment	of	the	whole	volume,	are	not	necessarily	predicted	correctly.	Therefore,	the	local	distribution	of	plastic	strain	is	also	taken	into	account	in	the	calibration.	While,	in	principle,	the	determination	of	the	GP	model	parameters	in	the	fitting	procedure	is	not	unique,	there	are
some	guidelines	outlined	in	this	work	that	should	help	in	their	calibration.	They	are	discussed	in	the	following	with	regard	to	the	DDD	results	as	data	source.	For	each	case	(cf.	table	1),	1. A	least-squares	fit	(LSF)	of	the	DDD	stress–strain	curves	is	obtained.2. The	cross-section	averaged	plastic	strain	profiles	along	the	loading	axis	are	obtained.	This	is	performed	in	order	to	ensure	comparability	with	the	(averaged)	plastic	strain	profiles	from	DDD.	The	occurring	differences	within	the	cross-sectional	distributions	of	GP	results	are	relatively	small	and	not	as
pronounced	as	they	are	in	the	DDD	simulations.3. Young’s	modulus	is	calibrated	in	the	GP	model	in	order	to	match	the	elastic	stiffness	obtained	from	the	LSF.4. The	initial	yield	stress	τ0C	of	the	GP	bulk	model	and	the	initial	yield	strength	Ξ0C	of	the	GBs	as	well	as	the	initial	yield	strength	Ξ0,∂BC	of	the	boundary	(planes	at	x=0	and	x=xmax)	are	calibrated	using	the	DDD–LSF	and	the	averaged	plastic	strain	profiles.	Therefore,	the	plastic	strain	profiles	along	the	loading	axis	of	GP	results	and	DDD	results	are	compared.	On	that	account,	plastic	strain	profiles
are	obtained	at	three,	representatively	chosen,	fixed	overall	plastic	strain	values	in	the	well-established	plastic	regime	are	used,	i.e.	εp∈{0.001,0.002,0.003}.	(i) In	case	of	Voce	hardening:	the	initial	hardening	modulus	Θ	and	the	saturation	stress	τ0∞	are	adjusted	to	the	work	hardening	behaviour	of	the	DDD–LSF.(ii) In	case	of	GB	hardening:	the	GB	hardening	parameter	KH	is	adjusted	to	give	good	agreement	with	the	work	hardening	behaviour	of	the	DDD–LSF.	Additionally,	the	evolution	of	the	plastic	strain	at	the	GBs	is	taken	into	account,	i.e.	the	GP	plastic
strain	profiles	are	compared	to	the	(averaged)	DDD	plastic	strain	profiles	at	all	three	overall	plastic	strain	values	εp.Table	1.Set-ups	and	model	parameters	of	GP	simulations	for	comparison	to	DDD	results.	The	abbreviations	NLC	and	LC	indicate	if	lateral	contraction	is	prevented	or	allowed	for	on	the	boundary	planes	at	x=0	and	x=xmax.	In	the	special	case	LC0E,	the	two	bounding	grains	are	purely	elastic.	The	gradient	hardening	contribution	is	negligible	in	the	investigated	NLC	cases	(figure	5).nameangle	φhardeningΞC0,GB	(N m−1)Ξ0,∂BC	(N m−1)KH	103
(N m−1)τ0C	(MPa)NLC35V35°Voce3.525—30.0NLC35G35°GB1.5251.833.5NLC5G5°GB1.5251.833.5LC0E0°gradient———44.0The	calibration	yields	a	uniform	Young’s	modulus	of	E=65 GPa	for	all	GP	simulations	(except	for	one	special	case,	cf.	§5c).	The	slightly	lower	value	of	Young’s	modulus,	compared	to	the	value	of	72.7 GPa	used	in	the	DDD	model,	is	due	to	the	anelastic	behaviour	(bow-out	of	dislocations)	from	the	very	beginning	of	the	loading.	Poisson’s	ratio	is	kept	identical	to	the	DDD	simulations	(ν=0.347).It	is	remarked	that	the	defect	energy
parameter	KG,	although	in	principle	introducing	an	internal	length	scale	into	the	model,	mainly	controls	the	elastic–plastic	transition	behaviour	if	the	GP	model	with	GB	yielding	is	used.	Consequently,	KG=84×10−6 N	is	chosen	such	that	the	GP	simulations	show	similar	stress–strain	results	as	the	DDD	simulations	in	this	regime.	Hardening	resulting	from	the	defect	energy	is	negligible	compared	to	the	additional	hardening	relations	investigated	in	the	work	at	hand	(cf.	figure	5).	For	all	simulations,	a	reference	shear	rate	of	γ˙0=10−3 s−1,	a	rate	sensitivity
exponent	of	p=20,	and	a	drag	stress	of	τD=1 MPa	are	used.	The	used	penalty	parameter	is	Hχ=108 MPa.	All	cases	considered	are	summarized	in	table	1	(see	§5a	for	remaining	Voce	parameters).At	first,	the	framework	of	Wulfinghoff	et	al.	[37]	is	used	(without	GB	hardening)	taking	into	account	the	calibration	guidelines	described	above.	Consequently,	the	averaged	plastic	strain	profiles	are	evaluated	at	three	constant	overall	plastic	strains	(cf.	figure	2a)	for	the	GP	simulations.	They	are	compared	to	the	averaged	plastic	strain	profiles	(figure	2b)	obtained	from
the	DDD	simulations	(indicated	schematically	by	the	error	bars	in	figure	2a).	The	model	parameters	for	the	case	at	hand	(NLC35V)	can	be	found	in	table	1.	In	addition,	the	saturation	stress	reads	τ∞C=108.51 MPa,	and	the	initial	hardening	modulus	is	Θ=1075 MPa.	It	can	be	seen	in	figure	2	that,	although	the	plastic	strain	profiles	for	εp=0.001	are	in	good	agreement	as	a	consequence	of	the	calibration	of	the	GB	yield	strength,	the	subsequent	evolution	cannot	be	accounted	for	by	the	GP	simulations	with	Voce	hardening.	At	the	GBs,	significant	deviations	occur
which	are	caused	by	an	obvious	limitation	of	this	approach	to	account	for	the	observed	accumulation	of	dislocations	at	the	GBs	in	the	discrete	simulations.	Figure	2.	NLC35V/NLC35G:	stress–strain	curves	of	DDD	and	GP	simulations	(a).	Distribution	of	cross-section	averaged	plastic	strain	along	loading	direction	of	DDD	and	GP	simulations	(b),	obtained	at	fixed	overall	plastic	strain	values	(a).	BCs	with	restricted	lateral	contraction,	central	grain	rotated	35°	around	loading	axis.	(Online	version	in	colour.)Download	figureOpen	in	new	tabDownload	PowerPointVoce
hardening	is	not	considered	in	the	following,	but	hardening	related	to	the	GBs	is	(cf.	NLC35G/NLC5G	in	table	1).	It	can	be	seen	in	figures	2	and	3	that,	depending	on	the	chosen	rotation	angle	φ	of	the	central	grain,	the	strain	profiles	of	the	GP	simulations	are	matching	the	DDD	profiles	better,	either	in	the	central	grain	or	in	the	bounding	grains.	Nevertheless,	in	the	vicinity	of	the	GBs,	the	plastic	strain	evolution	is	captured	significantly	better	compared	to	the	Voce	hardening	approach.	For	both	simulations	with	GB	hardening,	identical	parameters	are	used
(table	1).	Figure	3.	NLC5G:	stress–strain	curves	of	DDD	and	GP	simulations	(a).	Distribution	of	cross-section	averaged	plastic	strain	along	loading	direction	of	DDD	and	GP	simulations	(b),	obtained	at	fixed	overall	plastic	strain	values	(a).	BCs	with	restricted	lateral	contraction,	central	grain	rotated	5°	around	loading	axis.	GB	hardening	used	in	GP	model,	no	Voce	hardening	used.	(Online	version	in	colour.)Download	figureOpen	in	new	tabDownload	PowerPointIt	is	recalled	that	in	the	GP	model,	gradients	enter	the	theoretical	framework	via	the	defect	energy,	see
equation	(2.10).	In	order	to	isolate	the	influence	of	the	defect	energy	on	the	evolution	of	the	strain	gradients	from	the	misorientation	and	the	interaction	behaviour	of	dislocations	across	GBs,	an	additional	case	is	investigated	in	the	following.	Therefore,	the	two	bounding	grains	are	set	to	be	purely	elastic.	Only	the	central	grain	is	elastic–plastic	and	has	an	ideal	100-orientation	with	respect	to	the	x-axis	(cf.	table	1).	All	GB	contributions	and	the	Voce	hardening	contribution	are	neglected.	In	this	case,	lateral	contraction	of	the	bounding	planes	is	not	restricted
(see	[37]	for	the	respective	BCs).	As	a	consequence	of	the	isolation	of	strain	gradients,	information	about	the	quality	of	the	used	defect	energy	approach	in	the	GP	model	is	obtained.	Compared	to	the	other	investigated	settings,	the	elastic	overall	response	of	the	DDD	simulations	is	harder.	This	is	due	the	confinement	of	plastic	activity	to	the	central	grain.	Consequently,	for	this	special	case,	Young’s	modulus	used	in	the	GP	model	has	to	be	slightly	adjusted	to	a	value	of	69.4 GPa.	In	all	other	cases,	however,	the	microplasticity	effect	(a	seemingly	smaller	Young’s
modulus)	is	more	pronounced	because	a	small	bow-out	of	a	favourably	oriented	FR	source	at	the	beginning	of	the	simulations	is	more	likely.	When	GB	effects	and	bulk	hardening	are	neglected	in	the	GP	model	at	hand,	the	defect	energy	exclusively	controls	the	overall	rate	of	work	hardening.	The	plastic	defect	parameter	is	fitted	to	a	value	of	KG=18×10−6 N.	Figure	4	shows	that	the	used	quadratic	form	of	the	defect	energy	leads	to	an	overestimation	of	plastic	strain	in	the	centre	of	the	grain.	Close	to	the	GBs,	the	plastic	strain	is	underestimated	as	are	the
strain	gradients.	The	overall	shapes	of	the	plastic	strain	profiles	from	both	simulation	approaches	differ	more	pronounced	from	each	other,	compared	to	the	cases	considered	above.	Figure	4.	LC0E:	stress–strain	curves	of	DDD	and	GP	simulations	(a).	Distribution	of	cross-section	averaged	plastic	strain	along	the	loading	direction	of	DDD	and	GP	simulations	((b),	values	are	obtained	at	fixed	overall	plastic	strain	values,	cf.	(a)).	BCs	with	free	lateral	contraction,	all	three	grains	in	100-orientation.	Bounding	grains	behave	elastic	(i.e.	τ0C→∞	in	the	GP	model	of
these).	GB	hardening	is	neglected	in	the	GP	model,	as	are	the	GB	yield	strength	and	the	Voce	hardening.	(Online	version	in	colour.)Download	figureOpen	in	new	tabDownload	PowerPointFrom	the	above	results,	it	can	be	seen	that	GB	yielding	is	mandatory	in	the	GP	model,	if	the	plastic	strain	profiles	obtained	from	DDD	simulations	with	impenetrable	GBs	should	be	captured.	The	use	of	common	microhard	conditions	for	the	GBs,	i.e.	an	infinitely	high	GB	yield	strength	Ξ0C	in	the	model	at	hand,	is	not	appropriate.	This	is	due	to	the	fact	that	the	DDD	profiles
show	that	plastic	strain,	and	thus	plastic	slip,	is	present	in	the	immediate	vicinity	of	the	GBs.	Microhard	conditions,	however,	have	been	used	in	the	GP	model	of	Aifantis	et	al.	[35],	where	the	DDD	simulation	set-up	and	framework	is	similar	to	the	one	in	this	work.	The	evaluation	of	the	plastic	strain	profiles	differs	from	the	present	work:	there,	the	DDD	strain	profiles	are	obtained	by	integrating	the	dislocation	density	tensor	with	an	integration	constant,	yielding	vanishing	plastic	strain	at	the	GB.	In	this	work,	however,	the	strain	profiles	are	obtained	by	slicing
the	sample	and	using	the	averaging	described	in	§3d,	leading	to	non-zero	values	of	the	plastic	strain	εpxx	in	the	immediate	vicinity	of	the	GBs.	Owing	to	the	volumetric	averaging,	εpxx	is	evaluated	in	the	slices	adjacent	to	the	GBs	but	not	in	the	GB	planes	themselves.In	order	to	account	for	the	pile-ups	of	the	DDD	results,	an	additional	hardening	relation	is	introduced	in	the	GP	model.	It	is	associated	with	the	micromorphic	field	variable	ζ	and,	consequently,	to	the	equivalent	plastic	strain	γeq,	at	the	GB	itself.	Thus,	the	GB	yield	strength	increases	with	rising	γeq.
The	DDD	plastic	strain	profiles	and	their	evolution	cannot	be	captured,	if,	instead	of	GB	hardening,	solely	a	bulk	hardening	relation	of	Voce	type	is	used	in	the	GP	model.	This	is	especially	apparent	close	to	the	GBs	(cf.	figure	2).	The	DDD	results	can,	furthermore,	be	captured	notably	well	close	to	the	boundaries	with	this	procedure,	for	the	investigated	cases	at	hand.	Consequently,	this	indicates	that	hardening	associated	with	the	boundaries	as	well	is	necessary	in	the	GP	model	to	account	for	the	BCs	of	the	DDD	simulations.In	addition,	the	use	of	a	finite	GB
strength	Ξ0C,	in	combination	with	a	sufficiently	large	GB	hardening	parameter	KH→∞,	reproduces	GB	behaviour	similar	to	microhard	conditions	(cf.	figure	5).	However,	in	this	combination,	the	model	behaviour	allows	for	some	plasticity	to	occur	at	the	GB	at	first.	Subsequently,	by	the	high	GB	hardening	contribution	to	the	GB	yield	strength,	plasticity	is	prevented	from	proceeding	further.	The	deviations	of	this	approach	from	ideal	microhard	conditions	(i.e.	Ξ0C→∞)	are	small	for	the	overall	mechanical	responses	and	for	the	plastic	strain	profiles.	Figure	5.
Parameter	study	of	GB	hardening	parameter	KH.	Case	NLC35G,	only	KH	is	varied	as	shown	above.	All	other	parameters	can	be	found	in	table	1	and	§4b.	(Online	version	in	colour.)Download	figureOpen	in	new	tabDownload	PowerPointIt	is	challenging	to	incorporate	dislocation	interaction	across	GBs	in	GP	simulations	with	the	same	physical	details	as	in	DDD	simulations.	With	the	used	GP	model	in	this	work,	identical	plastic	strain	profiles	are	obtained	for	two	different	crystal	orientations	of	the	central	grain	(cf.	figures	2	and	3).	Contrarily,	the	DDD	simulations
show	significantly	different	plastic	strain	profiles	due	to	the	orientation-dependent	dislocation	interaction	across	GBs.	While	no	dislocations	are	allowed	to	pass	the	GBs	in	the	DDD	setting,	the	stress	fields	of	dislocation	pile-ups	on	adjacent	sides	of	the	GBs	interact	nevertheless.	This	influences	the	plastic	strain	gradients	close	to	the	GBs,	depending	on	the	misorientation	between	the	grains.	A	high	misorientation,	resulting	in	a	large	mismatch	of	the	respective	stress	fields,	induces	a	parabolic	distribution	of	plastic	strain	(cf.	figure	2).	In	this	case,	the
interaction	between	dislocations	across	the	GBs	is	weaker	than	it	is	for	lower	misorientations.	Thus,	the	central	grain	becomes	the	main	carrier	of	plasticity	in	the	DDD	simulations.	Regardless	of	the	phenomenological	approach	to	GB	strengthening,	the	plastic	strain	profile	in	the	central	grain	is	reasonably	captured	by	the	GP	model.	Contrarily,	a	low	misorientation	leads	to	a	more	homogeneous	distribution	of	the	plastic	strain	in	the	grains	with	sharper	‘cusps’	towards	the	GBs	(cf.	figure	3).	In	this	case,	the	DDD	and	GP	profiles	are	in	rather	good	agreement	in
the	two	bounding	grains.	Thus,	further	research	regarding	the	appropriate	modelling	of	the	dislocation	interaction	across	the	GBs	in	the	continuum	model	is	necessary.The	gradients	of	the	plastic	strain,	close	to	the	GBs	in	the	central	grain	of	the	DDD	results,	are	reasonably	captured	by	the	first	GP	strain	profile	at	εp=0.001	(cf.	figures	2	and	3).	Furthermore,	it	can	be	observed	that	the	GP	model	with	GB	hardening	does	capture	the	evolution	of	plastic	strain	values	close	to	the	GB,	but	not	the	evolution	of	the	gradients,	there.	One	could	argue	that	this	might
stem	from	the	employed	GP	model	with	γeq,	ζ,	and	its	gradient,	in	general.	The	investigated	special	case	LC0E,	however,	gives	indications	that	the	differences	in	the	gradients	between	GP	and	DDD	results	could	mainly	be	caused	by	the	convenient	choice	of	a	quadratic	defect	energy.	A	more	general	form	of	the	defect	energy	that	could	also	be	formulated	with	respect	to	∇ζ	(e.g.	using	a	power	law	approach	[55])	could	give	better	agreement	in	the	gradients.	This	could	also	be	obtained	by	applying	more	physically	enriched	theories	(e.g.	[23,34,56])	allowing	to
consider	dislocation	densities	and	a	physically	more	sound	defect	energy	definition,	respectively.	One	might	further	argue	that	the	evaluation	of	strain	gradients	is	dependent	on	the	discretization,	especially	in	the	DDD	setting.	It	can,	however,	be	shown	that	the	plastic	strain	values	close	to	the	GB	encounter	only	minor	differences	upon	further	discretization	refinement	in	the	DDD	simulations.	This	is	due	to	the	fact	that	the	discretization	resolution	is	chosen	higher	than	the	dislocation	spacing	in	the	pile-ups	(cf.	§3d).	The	GP	strain	profiles	show	more
pronounced	hyperbolic	distributions	than	the	DDD	strain	profiles	do,	independent	of	the	chosen	misorientations.	The	DDD	strain	profiles	(and	gradients),	thus,	are	obviously	sensitive	to	the	misorientation,	and	show	the	role	of	dislocation	interaction	across	the	GBs,	a	feature,	the	GP	model	at	hand	cannot	account	for.	This	shortcoming	could	be	removed	by	using,	e.g.,	one	of	the	above-mentioned	approaches	of	[23,34,56].In	the	GP	model,	an	equivalent	plastic	strain	is	taken	into	account.	Its	micromorphic	counterpart	ζ	is	assumed	to	be	continuous	across	the	GBs
while	the	gradient	∇ζ	is	not.	It	is	remarked	that	employing	continuity	of,	e.g.,	plastic	strain,	but	allowing	for	jumps	in	its	gradient,	has	shown	good	agreement	with	the	size	effects	observed	in	experiments,	in	a	one-dimensional	case	(cf.	[15],	and	the	discussion	in	the	introduction	of	the	work	at	hand).	Furthermore,	the	equivalent	plastic	strain	of	the	present	work	is	the	(directionally	independent)	sum	of	the	slip	contributions	of	all	slip	systems.	Therefore,	it	is	not	a	quantity	from	which	conclusions	on	the	behaviour	of	individual	slips	should	be	drawn,	but,	rather,
on	an	overall	response	of	these.	Consequently,	the	choice	of	continuity	for	ζ	across	GBs	is	not	expected	to	be	in	general	transferable	to	statements	about	the	continuity	of	slips	on	individual	slip	systems	across	GBs.	These	are	known	to	be	often	discontinuous	across	GBs	due	to	different	operating	mechanisms	during	slip	transfer	(e.g.	[2]).	Within	the	context	of	an	overall	description	of	plastic	slip,	it	might	also	be	noteworthy	that	the	calculations	of	an	effective	plastic	strain	in	the	experimental	work	of	Abuzaid	et	al.	[57]	led	to	a	continuous	appearance	of
distributions	of	this	quantity	across	many	GBs.	Furthermore,	the	DDD	simulations	in	the	work	at	hand	show	similar	values	of	the	plastic	strain	on	the	adjacent	sides	of	the	GBs	in	x-direction.	As	there	is	a	formal	connection	between	γeq	(and	thus	ζ)	and	the	components	of	εp,	this	finding	might	indicate	that	the	continuity	assumption	on	ζ	could	be	justifiable	for	certain	cases.The	internal	length	scale	in	the	GP	model	can	be	deduced	from	the	defect	energy	parameter	KG.	The	used	value	of	KG	(cf.	§4b)	yields	an	internal	length	of	l=KG/E≈36 nm,	considering	a
Young’s	modulus	of	65 GPa.	Remarkably,	this	result	is	of	the	same	order	of	magnitude	as	the	mean	dislocation	spacing	in	the	pile-ups	at	the	GBs	of	the	DDD	simulations	(cf.	§3d).	Additionally,	it	is	not	expected	that	KG	(and,	thus,	the	internal	length	scale)	being	a	constant	should	be	generally	valid.For	the	modelling	of	pile-ups,	as	they	are	observed	in	DDD	simulations	with	impenetrable	GBs,	GB	yielding	is	used	in	the	GP	model	of	this	work.	The	increasingly	entangling	dislocations	at	the	GBs	are	modelled	by	using	GB	hardening.	Thereby,	the	overall	mechanical
response	of	DDD	simulations	as	well	as	the	local	response	in	form	of	plastic	strain	profiles	is	reasonably	captured	for	certain	cases.	The	comparison	of	this	approach	to	a	previous	model	without	GB	hardening,	but	with	an	isotropic	Voce	hardening	relation	instead,	shows	inferior	agreement.	Without	the	GB	hardening,	the	evolution	of	plastic	strain	values,	observed	in	the	immediate	vicinity	of	GBs	in	DDD	simulations,	cannot	be	captured	by	the	continuum	model.	Microhard	GB	conditions,	commonly	used	in	continuum	models	in	the	literature,	are	not	sufficient	to
account	for	the	observed	behaviour	at	the	impenetrable	GBs	of	DDD	simulations.	Contrary	to	these	common	conditions,	rather	a	finite	GB	yield	strength	needs	to	be	used.	The	plastic	strain	profiles	obtained	from	the	continuum	model	are	in	agreement	with	the	DDD	results	in	the	immediate	vicinity	of	the	GB.	It	could	also	be	argued	that	physically	more	advanced	theories	(by	incorporating	higher	order	terms)	might	account	for	the	sharp	gradients	close	to	GBs—in	spite	of	using	microhard	conditions.	The	present	GP	model,	however,	allows	for	extended	fully
three-dimensional	simulations	in	manageable	computational	times,	a	benefit	often	lost	when	using	physically	enriched	theories	with	substantially	increased	degrees	of	freedom.	Differences	between	the	results	of	the	continuum	and	the	discrete	modelling	approach	indicate	that	additional	research	is	necessary	related	to	accounting	for	crystal	orientation-dependent	dislocation	interaction	mechanisms	across	GBs	in	the	continuum	model.	This	also	includes	the	possible	recalibration	of	the	model	parameters	for	different	orientations	and	loading	conditions	as	well
as	further	case	studies.	Additionally,	the	question	of	an	enhanced	defect	energy	approach	is	raised,	as	well	as	a	suitable	combination	of	hardening	approaches	considering	both,	geometrically	necessary	dislocations	and	statistically	stored	dislocations.	Further	investigations	could	also	consider	elastic	anisotropy	and	different	BCs.The	raw	data	for	figures	2–5	are	available	in	the	electronic	supplementary	material	Data_PRSA_GP_DDD.zip.E.B.	and	M.S.	carried	out	the	work	and	drafted	the	manuscript.	S.W.	supported	conceptual	and	theoretical	design.	D.W.	and
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and	plastic	strain	accumulation	across	grain	boundaries	in	Hastelloy	X.	J.	Mech.	Phys.	Solids	60,	1201–1220.	(doi:10.1016/j.jmps.2012.02.001)	Crossref,	ISI,	Google	ScholarPage	15Computational	models	of	the	heart	are	increasingly	used	to	improve	our	understanding	of	cardiac	physiology,	including	the	effect	of	specific	genetic	changes	and	animal	models	of	disease	[1–3].	In	addition,	patient-specific	models	are	being	developed	to	predict	and	quantify	the	response	of	clinical	interventions,	identify	potential	treatments	and	evaluate	novel	devices	[4,5].	For	this
purpose,	a	large	number	of	independent	simulation	codes	have	been	developed,	ranging	from	open-source	software	and	commercial	products	to	a	range	of	closed-source	codes	specific	to	individual	research	groups	[6–8].	The	shift	of	cardiac	models	from	a	research	tool	to	a	potential	clinical	product	for	informing	patient	care	will	bring	cardiac	models	into	the	remit	of	clinical	regulators.	With	this	transition	comes	the	requirement	for	improved	coding	standards.	The	move	towards	higher	standards	of	accuracy	and	reproducibility	is	mirrored	in	many	other	fields
of	scientific	computation	[9].	A	recent	report	by	the	National	Research	Council	on	the	verification,	validation	and	uncertainty	quantification	of	scientific	software	addressed	some	of	these	issues	with	the	aim	of	improving	processes	in	computational	science	[10].	They	define	three	specific	categories	of	interest:— erification.	Determining	how	accurate	a	computer	program	solves	the	equations	of	a	mathematical	model.— alidation.	Determining	how	well	a	mathematical	model	represents	the	real	world	phenomena	it	is	intended	to	predict.— ncertainty
quantification.	The	process	of	quantifying	uncertainties	associated	with	calculating	the	result	of	a	model.In	cardiac	modelling,	uncertainty	quantification	has	long	been	part	of	the	accepted	set	of	techniques,	both	in	parameter	sensitivity	studies	and	studying	the	effects	of	biological	variability.	Approaches	to	uncertainty	quantification	include	sensitivity	analysis,	visualization	of	parameter	sweeps	and	the	use	of	regression	techniques	[11–14].	More	formal	approaches	have	also	been	applied,	including	quantification	of	variability	in	high-throughput	experiments
and	propagation	of	this	variability	in	models,	and	high-order	stochastic	collocation	methods	to	analyse	variability	in	high-throughput	ion	channel	data	[15,16].The	variability	and	uncertainty	of	biological	systems	create	significant	challenges	for	validating	computational	models	[9,17].	Historical	data	from	the	experimental	literature	cover	a	wide	range	of	conditions	with	respect	to	temperature,	species,	genetic	strain	and	other	methodological	detail	[18].	As	comprehensive	and	consistent	experimental	datasets	are	rarely	available,	the	data	most	useful	for
validating	predictions	are	nearly	always	used	for	constraining	parameters	and	developing	the	model.Verification	is	the	process	of	determining	a	code's	accuracy	in	solving	the	mathematical	model	it	implements.	This	is	an	area	that	has	also	been	widely	recognized	in	high-stakes	fields	such	as	aeronautics,	nuclear	physics	and	weather	prediction	[17,19,20].	Until	recently,	verification	has	had	a	limited	role	in	cardiac	modelling.	More	recently,	concerted	verification	efforts	have	been	made	in	the	area	of	cardiac	electrophysiology	solvers.	These	include	an	N-version
benchmark	now	being	used	routinely	[21],	analytic	solutions	becoming	available	[22]	and	more	benchmark	tests	currently	being	organized	to	expand	these	tests	to	cover	more	complex	electrophysiological	phenomena.Similar	domain-specific	verification	tests	have	been	lacking	for	simulating	cardiac	mechanics.	The	heart	has	unique	mechanical	properties,	including	a	contractile	force	generated	by	the	tissue	itself,	and	complex	nonlinear	and	anisotropic	material	features.	There	are	a	range	of	analytic	solutions	which	are	commonly	used	in	testing	the
correctness	and	convergence	of	solid	mechanics	software,	most	notably	Rivlin's	problems	on	torsion,	inflation	and	extension	of	an	incompressible	isotropic	cylinder	[23].	Although	these	analytic	solutions	for	solid	mechanics	problems	help	in	verifying	the	correctness	of	mechanics	codes,	these	typically	do	not	test	several	crucial	aspects	specific	to	the	simulation	of	cardiac	mechanics.	First,	these	problems	with	analytic	solutions	tend	to	be	limited	to	isotropic	material	properties,	whereas	cardiac	material	is	typically	modelled	as	transversely	isotropic	or
orthotropic.	Second,	complex	pressure	boundary	conditions,	in	which	both	the	area	and	orientation	of	the	surface	changes,	are	poorly	tested.	Third,	active	contraction	of	tissue	is	not	tested,	while	it	is	the	driving	force	in	a	simulation	of	cardiac	function.	As	a	result,	simulation	codes	in	the	field	are	often	under-verified,	and	a	standard	problem	set	is	lacking.	Similar	limitations	to	using	simple	test	problems	with	available	analytic	solutions	were	encountered	in	the	field	of	computational	fluid	dynamics,	which	has	a	long	history	of	verification	and	validation	[19].
Lessons	from	this	field	include	extending	verification	efforts	to	include	benchmarks	of	carefully	defined	complex	problems,	and	direct	comparisons	with	experiments	tailor-made	for	simulation	validation.	A	complementary	strategy	for	investigating	reproducibility	in	the	field	of	cardiac	mechanics	was	the	recent	STACOM	challenge	[24],	which	asked	participants	to	predict	left-ventricular	deformation	between	two	given	magnetic	resonance	imaging	(MRI)	datasets.	As	this	challenge	left	many	aspects	open	to	user	choice,	including	mesh	generation,	boundary
constraints	and	material	models,	and	did	not	aim	for	a	single	consensus	solution,	it	is	less	suitable	as	a	verification	problem.This	report	presents	a	set	of	three	problems	for	the	validation	of	cardiac	mechanics	software,	along	with	an	N-version	benchmark	of	11	different	implementations.	We	have	defined	a	series	of	benchmark	problems	that	can	be	solved	by	typical	cardiac	mechanical	simulators,	with	features	that	are	important	for	solving	cardiac	mechanics	problems.We	propose	to	verify	cardiac	mechanics	codes	using	an	N-version	benchmark.	For	this
approach	to	be	effective,	we	need	to	ensure	a	large	enough	number	of	participants	to	achieve	a	community	consensus	for	the	solution,	while	ensuring	that	the	test	problems	cover	the	salient	properties	of	the	codes.	The	cardiac	mechanics	benchmark	problems	should	be	simple	enough	to	be	clearly	and	unambiguously	communicated,	whereas	complex	enough	to	test	important	aspects	of	software	codes	not	routinely	tested	using	other	methods.	To	ensure	that	any	differences	in	solutions	are	due	to	differences	in	the	implementation	and	not	owing	to	ambiguities
in	the	model	definition	or	the	use	of	different	image	processing	tools,	we	use	analytic	descriptions	for	the	geometry	in	all	problems.	However,	we	have	not	required	the	use	of	a	specific	numerical	method,	finite-element	basis	type	or	approach	to	modelling	incompressibility,	to	maximize	the	number	of	potential	participants.	We	have	created	a	set	of	three	different	problems,	each	testing	different	aspects	important	to	solving	cardiac	mechanics.	The	first	problem	uses	a	simple	beam	geometry	with	a	typical	cardiac	constitutive	law,	testing	the	correct
implementation	of	the	governing	equations,	material	properties	and	pressure	boundary	conditions	changing	with	the	deformed	surface	orientation	and	area.	The	second	problem	is	independent	of	fibre	direction	and	uses	isotropic	material	properties,	but	tests	a	more	complex	left	ventricular	geometry.	Finally,	the	third	problem	uses	an	identical	geometry	to	the	second	problem,	but	adds	a	varying	fibre	distribution	and	active	tension.The	free	choice	of	numerical	method	and	basis	types	poses	challenges	for	comparing	results	and	solution	formats.	As	a
compromise,	the	VTK	file	format	is	used	for	data	output	and	processing,	as	this	format	is	already	in	common	use,	several	participants	had	built-in	support	for	it	in	their	software,	and	there	is	an	extensive	application	program	interface	(API)	for	reading	and	processing	results	[25].We	start	with	a	brief	overview	to	the	theory	of	solid	mechanics	to	introduce	notation	and	concepts	referred	to	in	the	problem	description.	We	denote	the	undeformed	location	in	Cartesian	coordinates	of	a	point	as	X	and	the	deformed	position	as	x=x(X).	The	deformation	gradient	is
defined	as	F=∂x/∂X,	and	E=12(FTF−I)	is	the	Green–Lagrange	strain	tensor.	The	governing	equations	for	the	deformation	of	an	incompressible	solid	in	steady-state	equilibrium	can	be	stated	as	div σ=0(balance	of	momentum)2.1and	under	the	constraint	J=1(incompressibility),2.2where	J=det(F)	and	σ	is	the	Cauchy	stress	tensor	which	is	derived	from	a	strain	energy	function	W(E)	by	JF−1σF−T=T=∂W∂E,2.3where	T	is	the	second	Piola–Kirchhoff	stress	tensor.	Apart	from	these	basic	governing	equations,	theory	is	dependent	on	the	numerical	approach.	Further
derivation	usually	proceeds	by	the	principle	of	virtual	work	to	derive	a	finite-element	weak	form.	Reviews	of	modelling	mechanics	and	finite-element	approaches	can	be	found	in	the	literature,	e.g.	Holzapfel	[26]	or	Bonet	&	Wood	[27].	Regardless	of	the	discretization	used,	the	equations	are	both	inherently	nonlinear,	and	additional	nonlinearity	is	introduced	when	using	a	nonlinear	strain	energy	function	W(E),	which	is	the	norm	in	cardiac	mechanics	simulations.	To	maximize	the	number	of	participants	and	encourage	a	wide	range	of	solutions,	we	have	made	no
particular	requirement	or	recommendation	for	specific	numerical	approaches	in	defining	the	benchmark	problems.Cardiac	tissue	consists	of	a	mesh	of	collagen	with	cardiac	muscle	cells,	or	‘cardiomyocytes’.	Cardiomyocytes	are	approximately	100×10×10 μm	in	size,	with	a	distinct	long	axis,	often	referred	to	as	the	‘fibre	direction’.	Taking	into	account,	the	fibre	direction	leads	to	models	with	a	transversely	isotropic	constitutive	law	[28–30].	In	addition,	laminar	sheets	have	been	identified,	with	more	collagen	links	between	cells	in	a	sheet,	compared	with
between	sheets.	Taking	these	sheets	into	account	gives	rise	to	an	orthotropic	material	law	[31–34].	However,	histological	examination	shows	that	while	sheets	are	clearly	present	in	the	mid-myocardium,	their	presence	is	not	uniform	throughout	the	myocardial	wall	[35].	In	addition,	defining	a	problem	with	orthotropic	material	properties	requires	a	more	complex	problem	description,	and	not	all	participants	have	software	that	supports	simulating	this	kind	of	material.For	the	benchmark	problems,	we	use	the	transversely	isotropic	constitutive	law	by	Guccione	et
al.	[28].	It	was	anticipated	that	this	constitutive	law	would	be	the	most	widely	implemented	by	potential	participants	because	it	is	relatively	simple	and	has	been	widely	used	in	cardiac	modelling.	Its	strain	energy	function	is	given	by	W=C2(eQ−1)2.4and	Q=bfE112+btE222+E332+E232+E322+bfsE122+E212+E132+E312,2.5where	Eij	are	components	of	the	Green–Lagrange	strain	tensor	E	in	a	local	orthonormal	coordinate	system	with	fibres	in	the	e1-direction,	and	where	C,bf,bt,bfs	are	the	material	parameters	which	will	be	defined	for	each	of	the	three
problem	separately.	In	all	problems,	the	material	is	fully	incompressible,	i.e.	J=1	as	stated	in	equation	(2.2).	Please	note	that	in	all	problems	the	direction	of	the	pressure	boundary	condition	changes	with	the	deformed	surface	orientation,	and	its	magnitude	scales	with	the	deformed	area.	There	were	no	restrictions	on	the	methods	used	to	satisfy	incompressibility,	and	participants	used	both	Lagrange	multiplier	methods	as	well	as	quasi-incompressibility	approaches	with	penalty	functions	to	satisfy	this	constraint.The	following	sections	give	a	complete	and
reproducible	description	of	each	of	the	three	benchmark	problems	as	distributed	to	the	participants.	In	addition	to	an	incompressible	large	deformation	elasticity	formulation	and	a	description	of	the	constitutive	law,	five	additional	components	were	required	for	a	reproducible	problem	definition:	a	reproducible	problem	definition	requires	five	additional	parts:	a	problem	geometry,	the	material	parameters	(C,bf,bt,bfs),	a	full	description	of	the	fibre	direction	throughout	the	geometry,	the	Dirichlet	boundary	conditions	and	the	applied	pressure	boundary
conditions.	The	three	problems	each	test	different	aspects	important	to	cardiac	mechanics	solvers.	The	first	problem	is	the	simulation	of	a	deforming	rectangular	beam.	This	problem	tests	pressure-type	forces	whose	directions	change	with	the	deformed	surface	orientation,	and	the	correct	implementation	of	fibre	directions	changing	with	the	deformation,	the	transversely	isotropic	constitutive	law,	and	Dirichlet	boundary	conditions.	This	problem	uses	a	simple	mesh	geometry,	which	makes	it	easier	to	quickly	test	new	codes	and	provide	an	initial	verification
test.	The	second	problem	is	the	inflation	of	an	ellipsoid	with	isotropic	material	properties.	The	problem	tests	the	reproduction	of	a	mesh	geometry	from	a	description,	and	a	deformation	pattern	similar	to	cardiac	inflation.	The	third	problem	is	the	inflation	and	active	contraction	of	an	ellipsoid	with	transversely	isotropic	material	properties.	The	problem	tests	reproducibility	of	complex	fibre	patterns,	and	the	implementation	of	active	contraction,	both	important	aspects	of	a	cardiac	mechanics	solver.	Using	two	problems	on	the	same	initial	geometry	allows
benchmark	participants	to	generate	a	mesh	geometry	and	verify	inflation	first,	before	the	source	of	potential	errors	is	conflated	with	the	implementation	of	active	contraction	and	fibre	directions.	This	is	intended	to	make	it	easier	to	track	down	potential	errors	in	an	implementation.Figure	1	shows	the	problem	geometry	and	a	representative	solution.	Figure	1.	Problem	1.Deformation	of	a	beam	with	the	reference	geometry	(bottom)	and	an	example	solution	(top).	The	green	node	indicates	the	position	of	results	in	figure	3,	the	red	line	indicates	the	line	used	for
results	in	figure	4,	and	the	blue	points	indicate	the	locations	used	in	the	strain	calculations.	(Online	version	in	colour.)Download	figureOpen	in	new	tabDownload	PowerPointGeometry:	the	undeformed	geometry	is	the	region	x∈[0,10],	y∈[0,1],	z∈[0,1] mm.Constitutive	parameters:	transversely	isotropic,	C=2 kPa,bf=8,bt=2,bfs=4.Fibre	direction:	constant	along	the	long	axis,	i.e.	(1,	0,	0).Dirichlet	boundary	conditions:	the	left	face	(x=0)	is	fixed	in	all	directions.Pressure	boundary	conditions:	a	pressure	of	0.004 kPa	is	applied	to	the	entire	bottom	face	(z=0).Figure
2	shows	the	problem	geometry	and	an	example	solution.	Figure	2.	Problems	2	and	3.	Panels	(a,b)	show	the	reference	geometry	for	both	problem	2	(inflation	of	a	ventricle)	and	3	(inflation	and	active	contraction	of	a	ventricle).	The	green	nodes	indicate	the	apical	position	used	in	results	in	figures	6	and	9,	and	the	red	line	indicates	the	line	used	for	results	in	figure	7	and	10.	Blue	nodes	areused	for	strain	calculations	as	described	in	§3,	with	panel	(a)	showing	only	nodes	at	v=0	and	panel	(b)	showing	both	nodes	at	v=0	and	v=π/10	used	for	circumferential	strain
calculations.	Panel	(c)	shows	an	example	solution	to	problem	2.	Panel	(d)	shows	the	fibre	directions	used	in	problem	3,	varying	from	−90°	at	the	epicardium	to	+90°	at	the	endocardium.	Panels	(e,f)	show	different	side	views	of	one	example	solution	to	problem	3,	and	panel	(g)	shows	a	view	from	the	base.	(Online	version	in	colour.)Download	figureOpen	in	new	tabDownload	PowerPointGeometry:	the	undeformed	geometry	is	defined	using	the	parametrization	for	a	truncated	ellipsoid:	x=xyz=rssinucosvrssinusinvrlcosu.2.6The	undeformed	geometry	is	defined	by
the	volume	between:	— the	endocardial	surfacers=7 mm,rl=17 mm,u∈[−π,−arccos517],v∈[−π,π],— the	epicardial	surfacers=10 mm,rl=20 mm,u∈[−π,−arccos520],v∈[−π,π]— the	base	planez=5 mm	which	is	implicitly	defined	by	the	ranges	for	u.Constitutive	parameters:	isotropic,	C=10 kPa,	bf=bt=bfs=1.Dirichlet	boundary	conditions:	the	base	plane	(z=5 mm)	is	fixed	in	all	directions.Pressure	boundary	conditions:	a	pressure	of	10 kPa	is	applied	to	the	endocardial	surface.Geometry,	Dirichlet	boundary	conditions:	identical	to	problem	2.Fibre	definition:	fibre
angles	α	used	in	this	benchmark	problem	range	from	−90°	at	the	epicardial	surface	to	+90°	at	the	endocardial	surface.	These	angles	were	chosen	to	allow	for	easy	visual	inspection	of	generated	fibre	directions,	despite	being	steeper	than	those	measured	in	DTMRI	experiments	[36].	They	are	defined	using	the	direction	of	the	derivatives	of	the	parametrization	of	the	ellipsoid	in	equation	(2.6)	f(u,v)=ndxdusinα+ndxdvcosα,where n(v)=v/
∥v∥,2.7dxdu=rscosucosvrscosusinv−rlsinu,2.8dxdv=−rssinusinvrssinucosv0,2.9rs(t)=7+3t,2.10rl(t)=17+3t2.11andα(t)=90−180t,2.12where	rs,	rl	and	α	are	derived	from	the	transmural	distance	t∈[0,1]	which	varies	linearly	from	0	on	the	endocardium	and	1	on	the	epicardium.	The	apex	(u=−π)	has	a	fibre	singularity	which	is	common	in	cardiac	mechanics	problems.	No	specific	approaches	are	prescribed	for	handling	this	singularity,	and	all	approaches	were	considered	acceptable.Constitutive	parameters:	transversely	isotropic,	C=2 kPa,	bf=8,	bt=2,
bfs=4.Active	contraction:	the	active	stress	is	given	by	a	constant,	homogeneous,	second	Piola–Kirchhoff	stress	in	the	fibre	direction	of	60 kPa,	i.e.	T=Tp+TaffT,2.13where	Ta=60 kPa,	f	is	the	unit	column	vector	in	the	fibre	direction	described	above,	and	the	passive	stress	Tp=∂W/∂E	as	in	equation	2.3.Pressure	boundary	conditions:	a	constant	pressure	of	15 kPa	is	applied	to	the	endocardium.	As	this	is	a	quasi-static	problem,	participants	are	free	to	add	active	stress	first,	add	pressure	first	or	increment	both	simultaneously	in	finding	a	solution.	Figure	2	shows	the
problem	geometry	and	an	example	solution.Table	1	lists	the	participants	and	the	computational	methods	they	used.	Although	there	was	no	requirement	to	use	a	specific	computational	method,	all	participants	used	finite-element	methods,	as	they	are	most	common	in	the	field	of	cardiac	mechanics.	Table	1.Overview	of	methods	and	software	used	by	participants	of	the	mechanics	benchmark.	Superscripts	in	the	‘affiliations’	column	refer	to	the	contributing	institution	details	as	given	on	the	title	page.	Details	for	open	source	code	origins	and	availability	are	given
below	for	groups	who	use	publicly	available	code.	The	‘method’	summarizes	the	type	of	finite-elements	used,	with	‘Qx’	referring	to	order	x	hexahedral	elements,	‘Px’	to	order	x	tetrahedral	elements,	and	‘QxQy’,	‘PxPy’	to	order	x	elements	for	deformation	and	order	y	elements	for	the	Lagrange	multiplier.	When	two	element	types	are	listed,	the	first	was	used	for	problem	1,	and	the	second	for	problems	2	and	3.	I/D	denotes	the	use	of	an	approach	with	isochoric/deviatoric	splitting	of	the	deformation	gradient.code
nameaffiliationtypereferencesmethodCardioidIBM2in-house[8]Q2Q1/P2P1,	Lagrange	multiplier,	I/DCardioMechanicsKIT5in-house[2]P2,	quasi-incompressibleCARPGraz1,4in-house[37]P1P0,	quasi-incompressible,	I/DElecmechKCL1in-house[38,39]Q3Q1,	Lagrange	multiplierGlasgowHeart-IBFEGlasgow10,12in-house[40]Q1,	IB/FEaHopkins-MESCALHopkins6in-houseQ1P0,	Lagrange	multiplierLifeVDuke15open	sourceb[41,42]P2,	quasi-incompressibleMOOSE-EWEUSI9mixedc[43]Q2Q1/P2P1,	Lagrange	multiplier,	I/DOpenCMISSAuckland3,7,13open
sourced[6]Q3Q1	(hermite),	Lagrange	multiplier,	I/DSimula-FEniCSSimula14open	sourcee[44,45]P2P1f,	Lagrange	multiplier,	I/DPUC-FEAPgPUC8,11open	source[46]Q1P0,	Lagrange	multiplier,	I/DHere,	we	analyse	and	compare	the	submitted	solutions	with	the	benchmark	problems.	In	terms	of	three-dimensional	deformation	as	visualized,	the	submitted	solutions	are	typically	indistinguishable,	so	such	visualizations	are	not	included	for	all	solutions.	There	are	no	analytic	solutions	to	the	problems,	which	limits	the	use	of	typical	convergence	analysis.	In	addition,
the	range	of	different	finite-element	basis	types	used	result	in	further	challenges	in	processing	data	and	comparing	solutions.To	analyse	and	compare	results,	we	use	the	API	provided	by	VTK	[25].1	Participants	were	requested	to	provide	meshes	for	the	deformed	and	undeformed	configurations	in	the	VTK	file	format.	Where	a	basis	type	was	not	supported	by	VTK,	specifically	on	cases	using	cubic-order	elements,	solutions	were	interpolated	to	a	compatible	VTK	element	type.	Our	strategy	for	comparing	solutions	is	based	on	a	method	for	determining	the
deformed	location	of	specific	points	in	the	submitted	solutions	for	all	participants.	Using	the	VTK	API,	we	locate	the	element	containing	a	specific	point	in	the	undeformed	mesh	provided	by	a	participant,	along	with	the	local	parametric	coordinates	within	that	element.	We	use	these	local	coordinates	to	locate	the	corresponding	deformed	point	in	the	same	element	of	the	deformed	geometry	provided.	This	process	allows	us	to	track	displacements	in	a	wide	variety	of	element	types.To	calculate	strain	Si,	we	track	changes	in	the	distance	between	pairs	of	n	points
with	coordinates	X1i	and	X2i	in	the	undeformed	finite-element	geometries	and	coordinates	x1i	and	x2i	of	the	deformed	geometry,	where	i=0,1,…,n.	We	use	a	finite	difference	scheme	to	determine	the	strain	Si=∥x1i−x2i∥∥X1i−X2i∥−1×100%.3.1For	the	beam	problem,	we	use	neighbouring	points	along	the	line	(x,0.5,0.5)	to	calculate	axial	strain	in	the	x-direction:	X1i=(i,0.5,0.5)	and	X2i=(i+1,0.5,0.5),	where	i=0,1,…,8.	For	transverse	strain,	we	use	X1i=(i,0.5,0.5),	where	i=0,1,…,9	and	X2i=(i,0.9,0.5)	and	X2i=(i,0.5,0.9)	for	strain	calculations	in	the	y-	and	z-
directions,	respectively.For	the	ellipsoidal	problems,	longitudinal,	circumferential	and	radial	strain	are	each	calculated	at	the	endocardium,	epicardium	and	midwall.	We	use	the	parametrization	in	equations	(2.6)–(2.12)	and	take	the	points	along	apex-to-base	lines:	vi=0,	ui=u1+(u2−u1)/nu×(i+1)×0.95,	where	u1=−π,	u2=−arccos5/(17+3t),	nu=10	and	i=0,1,…,nu−1.	These	lines	are	taken	along	the	endocardium	(t=0.1),	epicardium	(t=0.9)	and	midwall	(t=0.5).	For	longitudinal	strain,	we	use	pairs	of	neighbouring	points	along	each	line.	For	transmural	strains,
we	use	pairs	of	neighbouring	endocardium-midwall,	midwall-epicardium	and	endocardium–epicardium	points	to	calculate	radial	strain	at	endocardium,	epicardium	and	midwall.	To	calculate	circumferential	strain,	the	second	point	X2i	is	derived	by	rotating	the	points	at	each	myocardial	layer	by	using	vi=π/10	instead	of	vi=0.	The	points	used	for	strain	calculation	are	also	shown	in	figures	1	and	2.Overall,	we	perform	three	types	of	comparisons	for	each	problem.	First,	we	look	at	key	points	in	the	solution,	which	provides	a	crude	but	efficient	measure	of	solution
accuracy,	and	allows	us	to	plot	the	accuracy	of	all	solutions	as	a	function	of	the	number	of	degrees	of	freedom	used	to	solve	the	problem.	Second,	we	display	the	deformation	of	key	lines	through	the	mesh,	which	provides	a	more	global	measure	of	accuracy	while	still	being	easy	to	interpret	and	compare	in	a	two-dimensional	plot.	Third,	we	calculate	the	strain	measures	described	in	this	section	to	enable	a	more	complex	quantitative	comparison	of	the	deformation	in	each	direction.Figure	3	shows	the	maximal	deflection	of	the	beam	across	different	solutions
plotted	against	the	number	of	degrees	of	freedom	used,	with	the	deformed	position	of	a	specific	line	at	maximal	deflection	shown	in	figure	4.	Figure	5	shows	a	comparison	of	strain	measures	in	the	submitted	solutions.	For	both	the	strain	measures	and	the	deformed	solution,	only	the	solutions	with	most	refined	discretizations	were	used.	Figure	3.	Problem	1:	maximal	deflection.	Shown	is	the	deformed	location	of	the	point	(10,0.5,1).	Results	converge	to	a	consensus	solution	as	the	number	of	degrees	of	freedom	increases.	Note	that	for	the	IB/FE	method,	only
degrees	of	freedom	in	the	solid	mechanics	problem	are	counted.	(Online	version	in	colour.)Download	figureOpen	in	new	tabDownload	PowerPointFigure	4.	Problem	1:	deformation	of	a	line.	Shown	is	the	deformed	location	of	the	line	(x,0.5,0.5)	for	each	of	the	submitted	solutions,	with	details	for	the	end	of	the	bar.	(Online	version	in	colour.)Download	figureOpen	in	new	tabDownload	PowerPointFigure	5.	Problem	1:	strain	results.	Plot	of	strain	along	the	line	in	directions	of	x-,	y-	and	z-axes.	The	index	of	points	indicated	on	the	horizontal	axis	increases	as	X=0,1,…
and	labels	correspond	to	those	given	in	figure	1.	(Online	version	in	colour.)Download	figureOpen	in	new	tabDownload	PowerPointFigure	6	shows	the	location	of	the	endocardial	and	epicardial	apex	plotted	against	the	number	of	degrees	of	freedom	used.	Figure	7	shows	the	deformed	position	of	a	line	in	the	midwall	from	apex	to	base	for	all	the	submitted	solutions,	with	details	of	the	apex	and	inflection	point.	Figure	8	shows	a	comparison	of	strain	measures	for	the	submitted	solutions.	Figure	6.	Problem	2:	apex	location.	The	dashed	line	separates	results	for	the
deformed	positions	of	the	apex	at	the	endo-	and	epicardium,	and	the	deformed	position	of	the	epicardium.	(Online	version	in	colour.)Download	figureOpen	in	new	tabDownload	PowerPointFigure	7.	Problem	2:	deformation	of	a	line.	Panel	(a)	shows	the	deformed	location	of	a	line	in	the	middle	of	the	ventricular	wall	(8.5sinu,0,18.5cosu),	as	shown	in	red	in	figure	2,	with	details	of	the	apical	region	(b)	and	inflection	point	(c).	(Online	version	in	colour.)Download	figureOpen	in	new	tabDownload	PowerPointFigure	8.	Problem	2:	strain	results.	Plot	of	longitudinal
(LONG),	circumferential	(CIRC)	and	radial	(TRANS)	strains	at	endocardium,	epicardium	and	midwall.	Index	of	points	increases	from	the	apex	to	the	base,	and	labels	correspond	to	those	given	in	figure	2.	(Online	version	in	colour.)Download	figureOpen	in	new	tabDownload	PowerPointFigure	9	shows	the	location	of	the	endocardial	and	epicardial	apex	plotted	against	the	number	of	degrees	of	freedom	used.	Figure	10	shows	the	deformed	position	of	a	line	in	the	midwall	from	apex	to	base	for	all	the	submitted	solutions,	and	figure	11	shows	the	position	of	this
same	line	as	viewed	from	the	top,	comparing	results	for	the	twisting	motion	of	the	ventricle	under	active	contraction.	Details	are	provided	of	several	key	regions	to	highlight	small	differences	between	solutions.	Figure	12	shows	a	comparison	of	strain	measures	for	the	submitted	solutions.	Figure	9.	Problem	3:	apex	location.	The	dashed	line	separates	results	for	the	deformed	positions	of	the	apex	at	the	endo-	and	epicardium.	(Online	version	in	colour.)Download	figureOpen	in	new	tabDownload	PowerPointFigure	10.	Problem	3:	deformation	of	a	line.	Panel	(a)
shows	the	deformed	location	of	the	line	in	the	middle	of	the	ventricular	wall	(8.5sinu,0,18.5cosu)	(shown	in	red	in	figure	2e,	replicated	here	in	panel	d),	with	details	of	the	apical	region	(b)	and	inflection	point	around	z=0	(c).	(Online	version	in	colour.)Download	figureOpen	in	new	tabDownload	PowerPointFigure	11.	Problem	3:	deformation	of	a	line	show	twist.	Shown	is	the	deformed	location	of	the	line	t=0.5	(a)	(in	the	perspective	shown	figure	2g,	replicated	here	in	panel	c),	with	details	of	the	region	around	x=5	(b).	Note	that	the	line	for	the	reference
configuration	starts	at	x≈−8.18	like	the	deformed	line,	but	overlaps	itself	on	the	segment	x∈[−8.18,−8.5]	owing	to	the	perspective	shown.	(Online	version	in	colour.)Download	figureOpen	in	new	tabDownload	PowerPointFigure	12.	Problem	3:	strain	results.	Plot	of	longitudinal	(LONG),	circumferential	(CIRC)	and	radial	(TRANS)	strains	at	endocardium,	epicardium	and	midwall.	Index	of	points	increases	from	the	apex	to	the	base,	and	labels	correspond	to	those	given	in	figure	2.	(Online	version	in	colour.)Download	figureOpen	in	new	tabDownload
PowerPointThis	study	presented	a	set	of	benchmark	problems	and	an	in-depth	evaluation	of	11	different	cardiac	mechanics	codes,	each	submitting	between	one	and	four	solutions	for	the	three	benchmark	problems.	The	results,	processing	tools	and	MATLAB	scripts	for	mesh	generation,	are	made	available	online	to	assist	in	the	verification	of	additional	software	in	the	field.2In	addition	to	verifying	a	basic	solid	mechanics	solver,	the	benchmark	problems	test	several	aspects	of	software	specific	to	cardiac	mechanics.	First,	all	three	problems	test	pressure
boundary	conditions	that	depend	on	the	deformed	surface	orientation	and	area.	This	has	typically	been	the	only	type	of	external	force	applied	to	the	heart	in	physiological	cardiac	simulations,	although	some	more	recent	work	implements	contact	mechanics	with	the	pericardium	[2],	or	spring	boundary	conditions	to	simulate	contact	with	soft	material	near	the	apex.	Second,	the	problems	test	a	commonly	used	transversely	isotropic	constitutive	law,	as	well	as	a	complex	fibre	distribution.	Fibre	directions	are	most	commonly	stated	in	terms	of	‘fibre	angles’,	and
routinely	visualized	in	the	literature.	However,	they	are	rarely	described	accurately	enough	to	ensure	reproducibility,	as	the	conversion	from	fibre	angles	to	fibre	vectors	can	rely	on	details	of	mesh	geometry	and	implementation	of	local	coordinate	systems	and	orthogonalization.	Specifically,	fibre	orientations	are	often	defined	with	respect	to	local	finite-element	mesh	coordinates,	but	mesh	personalization	tools	vary,	and	there	is	no	guarantee	that	these	local	coordinates	unambiguously	align	with	the	apical-basal	or	circumferential	directions.	As	a	result,
reproducible	fibre	directions	are	rarely	given	in	studies	on	cardiac	mechanics.	In	this	study,	the	use	of	an	exact	mathematical	description	of	fibre	directions	provided	an	unambiguous	anatomical	description	and	demonstrates	that	this	description	is	sufficient	for	different	groups	to	reproduce	a	solution.	Third,	we	have	tested	the	inclusion	of	contractile	forces.	Although	these	contractile	forces	are	arguably	the	most	important	factor	driving	cardiac	deformation,	there	have	been	no	tests	of	its	correct	implementation	proposed	so	far.	The	third	benchmark	problem
tests	this	aspect	and	reproduces	the	typical	twisting	motion	with	apical–basal	shortening	of	the	ventricle	in	systole.	Overall,	the	current	problems	aim	to	strike	a	balance	between	problem	complexity	and	testing	aspects	that	are	important	in	cardiac	mechanics,	but	currently	not	routinely	tested.	At	the	same	time,	they	were	designed	to	be	simple	enough	to	run	relatively	quickly,	increasing	their	utility	in	rapid	verification	of	software.In	this	report,	we	have	used	a	variety	of	methods	to	compare	the	submitted	solutions.	Showing	deformation	results	for	a	few	key
points	plotted	against	the	number	of	degrees	of	freedom	is	a	concise	way	of	comparing	a	large	number	of	solutions.	They	also	provide	a	quick	verification	test	for	new	software	codes,	as	comparison	of	a	single	point	for	each	problem	can	quickly	reveal	incorrect	solutions.	A	drawback	of	this	technique	is	that	the	selected	points	of	comparison	may	not	be	representative	of	the	overall	accuracy	of	a	solution.	Especially	in	problem	3,	errors	localized	at	the	apex	show	up	disproportionately,	and	are	not	always	representative	of	the	accuracy	elsewhere.	Therefore,	we
have	highlighted	both	regions	close	to	the	apex	as	well	as	closer	to	the	base.	Plotting	the	deformation	of	lines	through	the	simulation	domain	as	in	figures	4,	7	and	10	shows	more	information,	but	can	quickly	result	in	solutions	overlapping	in	visualizations.	Finally,	we	have	plotted	strain	in	different	directions,	and	at	different	locations,	for	the	submitted	solutions.	For	problem	1,	despite	the	large	deformation	of	the	beam,	relatively	small	strains	on	the	order	of	1%	were	observed	(figure	5).	The	largest	strains	and	largest	discrepancies	between	solutions	are
located	near	the	Dirichlet	boundary	conditions	at	x=0.	Thus,	this	strain	test	is	useful	to	reveal	obvious	errors	in	implementation	or	to	reveal	shortcomings	in	discretization	such	as	volumetric	locking	by	linear	finite	elements.	A	potential	explanation	for	differences	in	strain	between	submitted	solutions	is	the	low	number	of	degrees	of	freedom	used	by	some	groups.	Strain	results	for	problem	2	(figure	8)	are	most	consistent	across	submitted	solutions,	suggesting	that	this	was	the	least	challenging	test.	Problem	3	was	the	most	challenging	test,	and	a	number	of
participants	submitted	several	revised	solutions	before	the	close	agreement	in	strains	shown	in	figure	12	was	achieved.	These	visualizations	are	richer,	comparing	the	solutions	across	a	wider	area,	and	more	clearly	show	local	similarities	and	differences.	However,	they	require	a	larger	number	of	plots	to	show,	and	are	more	difficult	to	interpret	and	define	in	a	reproducible	way.	Requiring	only	solutions	of	the	deformation	increased	participation,	given	the	varied	capabilities	of	the	software	used	by	different	participants,	but	limited	the	range	of	possible
comparison	methods.	Further	comparisons	would	have	been	possible	by	requiring	participants	to	provide	Cauchy–Green	strain,	or	deformed	fibre	directions	in	problem	3.	Although	it	is	theoretically	possible	to	obtain	these	metrics	using	finite-difference	methods,	in	practice,	we	found	this	approach	not	robust	enough	in	the	VTK	implementation,	leading	us	to	use	more	global	strain	metrics.In	total,	11	different	groups	submitted	solutions	to	the	benchmark	problems.	Although	the	choice	of	computational	methods	was	left	open,	all	participants	used	finite-element
methods	to	solve	the	problems.	Most	commonly	used	were	quadratic-order	tetrahedral	elements	and	linear	hexahedral	elements.	In	addition,	to	these	standard	solution	methods,	several	unique	approaches	were	applied	in	solving	the	benchmark	problems.	First,	problem	2	and	3	were	rotationally	symmetric,	and	participants	from	Simula	Research	Laboratory	exploited	this	feature	by	solving	these	problems	using	two-dimensional	elements,	allowing	very	high-resolution	solutions.	Second,	participants	from	the	University	of	Glasgow	applied	the	immersed
boundary	method	with	finite-element	extension	(IB/FE)	developed	for	their	coupled	fluid-structure	implementation	[40].	The	IB/FE	method	is	designed	for	dynamic	fluid-structure	analyses	rather	than	for	the	quasi-static	analyses	considered	in	this	study,	but	its	inclusion	in	the	study	highlights	the	usefulness	of	the	benchmark	problems	in	verification	of	both	static	and	dynamic	solvers.	Overall,	there	was	broad	agreement	between	participants,	with	typical	differences	in	deformation	at	approximately	1%	(figures	3,	7,	6,	9,	10).	The	largest	differences	that	were
encountered	were	attributed	to	— under-converged	results,	e.g.	the	high	discrepancy	between	solutions	with	a	few	hundred	degrees	of	freedom	and	those	with	over	105	in	problem	1	(figure	3).	However,	in	problems	2	and	3,	the	solutions	with	larger	difference	from	consensus	solutions	were	not	necessarily	those	with	the	fewest	degrees	of	freedom	used.	Specifically,	the	use	of	two-dimensional	elements	exploiting	problem	symmetry	by	Simula	Research	Laboratory	achieved	excellent	accuracy	with	very	low	degrees	of	freedom	used.	Nevertheless,	the	largest
error	for	those	using	three-dimensional	elements	appears	for	LifeV,	who	use	the	fewest	degrees	of	freedom.— the	use	of	a	passive	isotropic	region	near	the	apex	in	problem	3.	This	clearly	shows	differences	in	apical	strain	(figure	10),	especially	for	earlier	submitted	results	using	a	relatively	large	region	with	passive	material	properties,	but	is	also	still	visible	for	several	results	in	the	final	set.	However,	despite	differences	at	the	apex,	results	were	consistent	with	other	codes	in	the	basal	regions.In	addition,	several	participants	reported	potential	stability
problems.	Fung-type	constitutive	laws,	including	the	one	used	in	this	benchmark,	can	become	unstable	depending	on	the	material	parameters	and	loading	conditions	[47].	This	was	reported	to	lead	to	potential	stability	issues	in	problem	1,	although	all	participants	managed	to	solve	to	the	load	specified	in	the	problem	description.	Participants	from	Simula	Research	Laboratory	noted	that	problem	2	can	fail	to	solve	at	around	3 kPa	pressure	when	using	P2P1	elements	unless	volumetric–deviatoric	splitting	of	the	deformation	gradient	is	used.	Similar	stability
problems	were	reported	by	the	PUC	group	at	around	10.5 kPa	using	Q1P0	elements,	despite	the	use	of	volumetric–deviatoric	splitting.	The	benchmark	also	tests	the	ability	of	software	to	handle	problems	with	different	properties	in	terms	of	their	stiffness	matrix,	which	potentially	affects	solver	convergence.	Specifically,	problems	2	and	3	have	a	symmetric	stiffness	matrix	owing	to	the	boundary	of	the	region	where	pressure	is	applied	being	completely	fixed,	whereas	problem	1	has	an	asymmetric	stiffness	matrix	(cf.	Bonet	&	Wood	[27],	§6.5.2).As	the	first
significant	benchmark	in	the	field	of	cardiac	mechanics,	we	have	aimed	to	strike	a	balance	between	maximizing	participation	and	testing	more	complex	aspects	of	cardiac	mechanical	simulations.	As	such,	this	initial	study	has	a	number	of	potential	limitations.	First,	problem	3	adds	both	fibre	directions	and	active	contraction,	whereas	an	additional	problem	could	test	only	passive	properties,	leading	to	more	fine-grained	verification.	However,	in	the	context	of	limiting	the	number	of	problems	to	be	solved,	we	found	it	more	important	to	introduce	mesh	geometry
and	fibre	directions	in	separate	problems,	as	both	are	difficult	to	unambiguously	describe	and	reproduce.	For	problems	2	and	3,	the	curved	geometry	combined	with	the	free	choice	of	elements	and	meshing	strategy,	means	that	not	all	points	in	the	problem	domain	appear	in	each	mesh.	This	limits	comparison	with	regions	present	in	all	submitted	solutions,	and	specifically	prevents	comparison	of	solutions	near	the	edge	of	the	problem	domain.	In	addition,	the	limited	support	for	higher-order	elements	in	VTK	required	interpolating	cubic-order	solutions	to	linear
elements,	which	has	the	potential	for	introducing	additional	error.	Finally,	although	this	benchmark	tests	a	number	of	important	aspects	specific	to	cardiac	mechanics,	future	benchmarks	could	test	several	more	detailed	aspects	not	touched	on	by	these	benchmark	problems.	Specifically,	an	important	aspect	that	was	not	tested	is	the	use	of	time-dependent	solutions	of	the	cardiac	cycle	with	heterogeneous	activation	patterns.	These	whole	cycle	simulations	also	require	specialized	numerics	required	to	deal	with	length-	and	velocity-dependence	of	cardiac
tension,	and	techniques	for	coupling	to	hemodynamic	models,	which	were	not	tested	in	the	current	benchmark.	Other	aspects	could	involve	using	non-symmetric	geometries,	biventricular	models	or	including	the	personalization	of	a	mesh	from	a	segmented	image.	In	the	context	of	the	increase	in	patient-specific	modelling,	a	verification	of	with	local	heterogeneities	in	material	properties	and	contractile	force,	as	observed	in	ischaemia,	would	be	particularly	important.In	conclusion,	the	development	of	a	set	of	benchmark	problems	for	simulating	cardiac
mechanics	is	an	important	step	in	the	process	of	verification	of	cardiac	modelling	software.	These	results	now	provide	us	a	standard	and	reproducible	set	of	problems	to	drive	forward	the	development	and	verification	of	simulation	platforms	and	numerical	methods	tailored	to	the	domain-specific	characteristics	of	cardiac	mechanics	modelling.All	submitted	solutions	are	available	on	the	repository	.	coordinated	the	project,	developed	problems	2	and	3,	analysed	deformation	data	and	wrote	the	manuscript.	V.G.	co-coordinated	the	project,	developed	problem	1
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tissue	in	cardiovascular	systems	(eds	GA	Holzapfel	and	RW	Ogden).	International	Centre	for	Mechanical	Sciences	441,	pp.	65–108.	Vienna,	Austria:	Springer.	Google	ScholarPage	16The	study	of	ordinary	differential	equations	(ODEs)	goes	back	centuries,	to	the	time	of	Newton,	Bernoulli,	Euler	and	contemporaries.	Since	the	invention	of	the	computer	in	the	1940s	much	attention	has	been	devoted	to	the	best	ways	to	discretize	differential	equations	so	that	they	can	be	solved	numerically.	Initially,	the	main	emphasis	was	on	all-purpose	methods	(defined	for	all
ODEs),	such	as	Runge–Kutta	methods	and	linear	multistep	methods,	and	their	quantitative	accuracy.	During	the	last	two	or	three	decades,	however,	interest	has	expanded	to	considering	special	classes	of	ODEs	and	purpose-built	algorithms	that	preserve	the	special	features	of	each	class.	These	novel	methods	are	not	only	quantitatively	but	also	qualitatively	accurate.	This	has	resulted	in	methods	that	preserve	symmetries,	first	integrals,	symplectic	structure,	measure,	foliations,	Lyapunov	functions,	etc.	These	methods	are	called	geometric	integration	methods
[1,2].In	1993,	Kahan	introduced	a	numerical	integration	method	for	quadratic	differential	equations.	For	the	quadratic	ODE	x˙=f(x):=Q(x,x)+Bx+c,x∈Rn,1.1(where	x∈Rn,	Q	is	an	Rn-valued	symmetric	bilinear	form,	B∈Rn×n,	and	c∈Rn)	it	is	defined	by	the	map	x↦x′:x′−xh=Q(x,x′)+12B(x+x′)+c,1.2where	h	is	the	time	step.	Method	(1.2)	was	introduced	in	W.	Kahan	(1993,	unpublished	lecture	notes)	for	two	examples,	a	scalar	Riccati	equation	and	a	two-dimensional	Lotka–Volterra	system	and	written	down	in	the	general	form	(1.2)	in	[3]	(see	also	references
therein).	Kahan	wrote	in	the	prologue	to	W.	Kahan	(1993,	Unpublished	lecture	notes),	I	have	used	these	unconventional	methods	for	24	years	without	quite	understanding	why	they	work	so	well	as	they	do,	when	they	work.	That	is	why	I	pray	that	some	reader	of	these	notes	will	some	day	explain	the	methods’	behavior	to	me	better	than	I	can,	and	perhaps	improve	them.Initially,	the	mystery	only	deepened,	for	the	Kahan	method	did	not	at	first	sight	fit	into	any	of	the	standard	methods	of	discretizing	ODEs,	nor	into	any	of	the	new	methods	that	were	developed	as
the	field	of	geometric	numerical	integration	grew.	Yet	in	some	sense	Kahan's	prayer	has	been	fulfilled.	The	Kahan	method	has	been	found	to	have	remarkable	geometric	properties;	the	first	example	of	this	was	the	discovery	that	the	method	is	measure-preserving	when	applied	to	Kahan's	Lotka–Volterra	system	[4].	Studies	have	shown	that	the	Kahan	method	preserves	complete	integrability	in	many	cases	[5–14].	For	a	large	class	of	Hamiltonian	systems,	the	method	has	a	conserved	quantity	(related	to	energy)	and	an	invariant	measure.	It	is	the	restriction	of	a



Runge–Kutta	method	to	quadratic	vector	fields	[5].	However,	so	far	only	a	part	of	the	observed	behaviour	of	the	method	has	been	accounted	for,	and	the	‘explanations’	to	a	degree	only	raise	new	questions,	for	they	reveal	aspects	of	Runge–Kutta	methods	and	of	discrete	integrability	that	were	previously	unknown	and	unsuspected.	Maps	derived	from	the	Kahan	method	are	birational,	that	is,	they	are	elements	of	the	Cremona	group	of	birational	automorphisms.	The	algebra,	geometry	and	dynamics	of	this	group	have	been	studied	extensively	[15,16],	although	the
phenomena	illustrated	by	the	Kahan	method	are	apparently	new.Just	one	of	the	unusual	features	of	Kahan's	method	is	that	the	formulation	(1.2)	is	defined	only	for	quadratic	differential	equations.	Although	its	Runge–Kutta	formulation	is	defined	for	all	ODEs,	the	special	geometric	properties	appear	to	hold	only	in	the	quadratic	case.	Yet	there	is	no	apparent	structure	to	the	set	of	quadratic	differential	equations	that	would	distinguish	them	in	this	way,	especially	in	relation	to	the	birational	maps.	In	this	paper,	we	propose	a	natural	generalization	of	Kahan's
method	to	polynomial	vector	fields	of	higher	degree	and	show	that	it	does	inherit	some	of	the	geometric	properties—invariant	measures,	first	integrals	and	integrability—of	Kahan's	method	in	some	cases.	(An	alternative	generalization	of	Kahan's	method	to	higher	degree	vector	fields	is	considered	in	[17].)We	first	observe	that	a	homogeneous	quadratic	vector	field	f(x)	can	be	expressed	in	terms	of	a	bilinear	form	Q(x,x),	as	in	(1.1),	using	the	technique	of	polarization:	Q(x,x′)=12(f(x+x′)−f(x)−f(x′)).1.3Then	the	Kahan	method	can	be	obtained	by	polarizing	the
quadratic	terms	of	the	ODE,	evaluating	them	at	(x,x′)	and	by	replacing	the	linear	and	constant	terms	by	the	midpoint	approximation.Polarization	is	a	map	from	a	homogeneous	polynomial	to	a	symmetric	multilinear	form	in	more	variables.	For	example,	the	polarization	of	the	cubic	f(x)	is	the	trilinear	form	F(x1,x2,x3)=16∂∂λ1∂∂λ2∂∂λ3f(λ1x1+λ2x2+λ3x3)|λ=0,where	x,	x1,	x2	and	x3	are	all	vectors	in	Rn.	This	is	equal	to	16	of	the	coefficient	of	λ1λ2λ3	in	f(λ1x1+λ2x2+λ3x3).	It	satisfies	F(x,x,x)=f(x).For	example,	consider	the	case	x∈R3	and	write	x=(y,z,w)T.	Then
the	polarization	of	3y2z	is	y1y2z3+y2y3z1+y3y1z2	and	the	polarization	of	6yzw	is	y1z2w3+y2z3w1+y3z1w2+y1z3w2+y3z2w1+y2z1w3.	Polarization	was	used	in	[18]	to	obtain	linearly	implicit,	integral-preserving	methods	for	Hamiltonian	PDEs.Polarization	of	a	homogeneous	vector	field	of	degree	k+1	will	lead	to	a	multilinear	form	in	k+1	variables.	We	will	call	these	variables	x0,…,xk,	where	xk∈Rn.	The	generalization	of	the	Kahan	method	that	we	consider	in	this	paper	is	to	evaluate	this	multilinear	form	at	k+1	consecutive	time	steps,	leading	to	a	k-step
numerical	integrator.	In	this	way,	the	bilinear	character	of	the	Kahan	method	carries	over	to	higher	degrees.	The	treatment	of	the	linear	term	x˙	is	no	longer	unique;	here	we	consider	the	simplest	possible	option	of	discretizing	x˙	by	(xk−x0)/(kh).Let	V=Rn	and	let	F	be	the	multilinear	map	from	Vk+1	to	Rn	associated	with	the	homogeneous	polynomial	differential	equation	x˙=F(x,x,…,x)(=:f(x))of	degree	k+1	on	V	.	The	polar	map	associated	with	f	is	the	birational	map	on	Vk	given	by	(x0,…,xk−1)↦(x1,…,xk),	where	xk	is	the	solution	of	the	linear	system
xk−x0kh=F(x0,…,xk).1.4Note	that	as	both	sides	of	(1.4)	are	linear	in	x0	and	in	xk,	equation	(1.4),	the	expressions	for	both	xk	as	a	function	of	x0,…,xk−1,	and	for	x0	as	a	function	of	x1,…,xk,	are	rational	functions.	Thus,	like	the	Kahan	map,	the	polar	map	is	birational.	However,	it	is	expected	that	the	multilinearity	of	(1.4)	is	more	special	than	mere	birationality;	when	k>1	there	are	many	birational	integrators	formed	from	f	that	are	not	multilinear.	The	multistep	leapfrog	method	x2−x02h=f(x1)is	an	example;	maps	of	this	form	are	not	expected	to	have	special
geometric	properties.The	polar	map	of	a	homogeneous	quadratic	is	its	Kahan	map.	If	a	non-homogeneous	quadratic	is	suspended	to	a	homogeneous	form	in	one	dimension	higher	(e.g.	ifx˙=x2+bx+cis	replaced	byx˙=x2+bxy+cy2,y˙=0),	then	the	polarization	of	the	suspended	vector	field,	projected	to	the	original	phase	space,	is	exactly	the	Kahan	map	of	the	non-homogeneous	quadratic.The	polar	map	is	(i)	self-adjoint	(in	the	sense	of	symmetric	multistep	methods	[1])	and	(ii)	a	general	linear	method	restricted	to	vector	fields	that	are	homogeneous	polynomials	of
degreek+1.(i) Equation	(1.4)	is	invariant	under	(x0,…,xk,h)↦(xk,…,x0,−h).(ii) From	a	standard	identity	in	algebraic	polarization	[19],	p.	110,	F(x0,…,xk)=1(k+1)!∑1≤m≤k+10≤i12	then	the	geometric	properties	described	above	are	not	enough	to	ensure	integrability.	Indeed,	we	find	that	the	polar	map	associated	with	a	homogeneous	planar	quintic	Hamiltonian	(i.e.	k=3,	n=2)	does	not	pass	the	entropy	test	for	complete	integrability	[24,25].All	authors	contributed	to	the	theoretical	results	and	to	the	drafting	and	checking	of	the	manuscript.	All	authors	gave
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regularly	corrupted	by	a	variety	of	sounds	from	other	sources,	including	the	bustling	noises	of	a	crowded	street,	the	ambient	whoosh	of	wind	in	an	open	field	or	the	speech	babbles	of	other	individuals	at	a	social	gathering.	Human	brains,	and,	indeed,	the	brains	of	many	other	species	[1],	are	adept	at	extracting	an	individual	sound	source	from	these	complex	mixtures.	How	the	brain	performs	this	task	remains	poorly	understood,	yet	a	solution	to	this	problem	is	critical	to	many	important	applications.	Individuals	with	hearing	aids	struggle	to	understand	speech	in
crowded	spaces	[2];	the	optimal	amplification	and	processing	in	quiet	environments	are	often	detrimental	to	the	listening	experience	in	noisy	environments	[3].	Similarly,	artificial	speech	recognition	systems,	such	as	those	used	in	smartphones,	often	fail	in	relatively	low	levels	of	background	noise	[4].	These	difficulties	have	led	to	great	interest	in	the	field	of	noise	reduction	from	auditory	scientists	and	engineers.	Although	spatial	cues	can	be	used	to	facilitate	the	separation	of	speech	in	noise	[5],	we	will	be	focusing	on	algorithms	that	record	sound	from	a	single
location:	single	microphone	noise	reduction	(SMNR)	algorithms.Recent	work	in	auditory	neurophysiology	has	shed	light	on	how	the	brain	parses	sounds	in	noise.	To	parse	the	auditory	scene,	the	brain	must	analyse	incoming	sounds	in	a	feature	space	that	reliably	separates	the	particular	sound	of	interest	from	the	current	background	noise.	One	way	that	this	is	performed	is	by	preferentially	encoding	behaviourally	relevant	sounds.	This	class	of	sounds,	often	broadly	declared	‘natural	sounds’,	lies	in	a	particular	subspace	of	all	possible	sounds	[6].	Indeed,	there
is	a	good	deal	of	evidence	showing	that	natural	sounds	activate	neurons	most	strongly,	especially	in	higher	regions	of	the	auditory	system	(reviewed	in	[7]).	In	an	attempt	to	understand	the	relevant	feature	space	for	these	higher-level	neurons,	many	researchers	have	looked	to	reverse	correlation	and	other	methods	to	build	encoding	models	capable	of	predicting	a	neuron's	response	from	an	incoming	sound	[8–11].	Studies	using	these	models	have	shown	that	the	spectro-temporal	modulations	can	account	for	large	fractions	of	the	sound-induced	responses	of
neurons	in	many	regions	of	the	auditory	system	[9]	(reviewed	in	[7]).	This	body	of	work	has	demonstrated	that	the	set	of	spectro-temporal	modulations	that	neurons	detect	is	also	not	uniformly	distributed	throughout	the	entire	space	but	instead	lies	in	a	subspace	that	lends	an	efficient	encoding	of	behaviourally	relevant	sounds	[12–14].Extrapolating	these	results	to	the	problem	of	analysing	sound	in	noise	leads	to	the	postulate	that	when	the	brain	is	presented	with	a	behaviourally	relevant	sound	(e.g.	a	communication	signal)	in	background	noise,	the
preferential	encoding	of	the	behaviourally	relevant	sound	leads	to	an	underrepresentation	of	noise:	a	noise	reduction.	There	is	some	evidence	to	believe	this	is	the	case.	For	example,	a	study	by	Moore	et	al.	[15]	showed	that	neurons	sensitive	to	fast	spectral	modulations	and	slow	temporal	modulations	responded	to	bird	song	presented	in	noise	with	greater	levels	of	noise	robustness.	Other	work	builds	on	this	preferential	encoding	hypothesis,	but	prescribes	more	important	roles	for	nonlinear	processing	(e.g.	neural	adaptation)	and	attentional	feedback	[16–
20].Parallel	work	studying	the	relevant	feature	space	to	predict	speech	intelligibility	has	shown	the	importance	of	both	temporal	and	spectro-temporal	modulations.	Degradation	of	the	slow	temporal	modulations	present	in	speech	is	known	to	correlate	with	a	loss	in	speech	intelligibility	[21,22].	Other	studies	indicate	that	the	signal-to-noise	ratio	(SNR)	in	the	spectro-temporal	modulation	domain	correlates	strongly	with	the	intelligibility	of	speech	in	a	wide	range	of	situations	[23].	More	specifically,	the	low-pass	region	of	spectro-temporal	modulations	below
7.75 Hz	(temporal)	and	3.75	cycles	per	kHz	(spectral)	seems	particularly	important	for	speech	intelligibility	[24].	While	some	research	has	called	into	question	the	role	of	cross-frequency	integration,	or	the	‘spectro’	of	spectro-temporal	modulations,	it	seems	clear	that	the	modulation	space	is	a	good	candidate	for	the	analysis	of	noisy	and	corrupted	speech	[25].In	addition,	neural	sensory	systems	are	affected	by	top-down	processes	either	in	the	form	of	attentive	mechanisms	or	expectations.	For	example,	neural	processing	of	speech	in	auditory	cortical	areas	has
been	shown	to	be	selective	for	the	attended	speech	stream	[17].	Expecting	linguistic	information	also	changes	the	properties	of	neural	responses	to	degraded	speech	in	lower	cortical	areas	[26,27].	Both	attention	and	expectation	rely	on	high-order	statistical	structure	in	the	speech	stream	that	can	be	used	to	make	predictions	about	future	sounds	and	in	this	manner	facilitate	the	computations	needed	for	detection	and	interpretation.Here,	we	introduce	an	algorithm	that	performs	SMNR,	extracting	speech	from	background	noise	by	simultaneously	learning	a
spectro-temporal	feature	space	in	which	to	project	noisy	speech,	applying	a	static	nonlinearity,	and	then	decoding	jointly	time-frequency	gains	that	modify	the	noisy	speech	to	produce	a	clean	speech	estimate.	This	algorithm	outperforms	a	standard	optimal	noise	reduction	scheme,	the	Ephraim–Malah	(EM)	algorithm	[28]	with	a	minimum	statistics	noise	estimator	[29,30],	across	multiple	measures	of	sound	quality	and	intelligibility.	Furthermore,	we	explore	the	role	that	predicting	upcoming	spectro-temporal	features	can	play	in	producing	a	system	with	strong
noise	reduction	and	minimal	throughput	delay.We	trained	our	algorithm	on	clean	speech	recordings	of	the	hearing-in-noise	test	(HINT)	sentence	corpus	embedded	in	multiple	noise	types	[31,32].	All	stimuli	were	single	channel,	sampled	at	16 kHz	and	band-limited	between	25 Hz	and	7.5 kHz,	with	durations	averaging	1.9 s,	ranging	from	0.8	to	7.3 s.	The	algorithm	was	trained	in	multiple	noise	conditions.	We	first	describe	results	on	training	sets	with	100	stimuli	from	a	single	noise	type:	speech-shaped	noise	and	babble	noise.	We	then	describe	results	on	a
training	set	with	280	stimuli	from	seven	different	noise	types:	speech-shaped	noise,	babble	noise	and	all	five	noise	types	from	the	QUT	database	[33].	Testing	was	done	either	on	held-out	stimuli	from	the	same	noise	types	used	in	training,	or	on	a	separate	dataset	using	12	noise	types:	10	gathered	from	www.freesound.org,	along	with	white	noise	and	pink	noise.	Training	was	done	using	sentences	from	either	one	speaker	or	16	speakers	at	0 dB	SNR.	A	detailed	description	of	each	stimulus	set	is	provided	in	the	electronic	supplementary	material,	Methods.The
goal	of	any	noise	reduction	scheme	is	to	take	a	noisy	signal,	x(t)=s(t)+n(t)	(e.g.	an	individual	speaker	in	a	crowded	room)	and	isolate,	as	well	as	possible,	the	sound	components	corresponding	to	the	clean	signal,	s(t)	(e.g.	the	individual	speaker)	from	the	noise,	n(t).	This	is	commonly	done	by	first	applying	a	collection	of	bandpass	filters	to	the	noisy	signal	to	produce	a	set	of	narrowband	channels,	y(f,t).	Then,	each	narrowband	signal	is	scaled	by	an	estimated	gain	factor,	g^(f,t)	that	is	proportional	to	the	SNR	of	the	channel.	Finally,	these	scaled	signals	are
summed	to	produce	an	estimate	of	the	clean	signal,	s^(t),	s^(t)∑f y(f,t)g^(f,t).This	scheme	is	often	called	an	analysis–synthesis	design	and	has	been	used	successfully	for	decades	in	many	SMNR	algorithms	[34–36].	Where	these	algorithms	differ	is	in	the	method	of	estimating	signal-to-noise	and	the	functional	form	of	the	gains.	Here,	we	use	an	artificial	neural	network	that	attempts	to	analyse	the	spectro-temporal	modulations	present	in	the	noisy	signal	(detection	stage)	to	estimate	the	optimal	time-varying	gains	(reconstruction	stage;	figure	1).	Both	detection
and	reconstruction	stages	are	inspired	by	auditory,	and	more	generally	sensory,	computations	performed	by	the	brain.	This	novel	network	architecture	provides	explicit	representation	of	the	joint	spectro-temporal	structure	present	in	both	the	noisy	signal	and	the	time-varying	gains.	Figure	1.	The	spectro-temporal	detection–reconstruction	(STDR)	algorithm	is	composed	of	two	chains:	the	analysis–synthesis	chain	and	the	gain	estimation	chain	(see	Methods).	Top	row:	a	noisy	signal	waveform	is	first	bandpass	filtered	into	a	set	of	narrowband	channels.	Each
narrowband	channel	is	then	scaled	by	a	time-varying	gain,	found	in	the	gain	estimation	chain.	The	scaled	channels	are	then	summed	to	create	an	estimate	of	the	original	clean	signal.	Bottom	row:	the	gains	are	produced	using	an	artificial	neural	network.	Each	unit	in	the	network	is	characterized	by	a	spectro-temporal	detection	kernel	(i.e.	its	receptive	field)	that	determines	its	output	given	the	spectrogram	of	a	segment	of	noisy	signal,	and	a	gain	reconstruction	kernel	that	it	uses	to	generate	time-varying	gains	for	estimating	the	denoised	signal.Download
figureOpen	in	new	tabDownload	PowerPointTo	compute	the	narrowband	signals,	y(f,t),	we	created	a	filterbank	with	223	bandpass	Gaussian-shaped	filters	with	centre	frequencies	linearly	spaced	between	25 Hz	and	7.5	kHz	and	bandwidths	of	32 Hz	each,	corresponding	to	a	time-domain	Gaussian	window	with	a	5 ms	bandwidth.	We	computed	the	analytic	signal	from	each	narrowband	signal	and	extracted	the	envelope.	A	Gaussian-shaped	frequency	filter	with	standard	deviation	of	32 Hz	effectively	limits	the	bandwidth	of	each	channel's	amplitude	envelope	below
192 Hz	(6×32 Hz,	because	6	standard	deviations	accounts	for	approx.	99.8%	of	the	density	of	the	window)	[37].	Each	channel's	envelope	was	then	extracted	by	computing	the	analytic	signal	and	then	downsampled	to	1 kHz,	producing	a	spectrogram	Xlin(f,t).	The	spectrogram	was	then	log	transformed	with	a	floor	value	set	at	−80	or	−50 dB	from	the	maximum	power.	Results	were	very	similar	for	both	floor	values	except	for	the	babble	noise	where	performance	was	slightly	but	consistently	better	at	−50 dB.	Finally,	we	subtracted	the	mean	log	spectrogram	value
for	each	frequency	band	before	all	later	processing	stages.	This	time-frequency	analysis	is	qualitatively	similar	to	the	analysis	performed	by	the	cochlea,	which	is	often	modelled	using	a	set	of	bandpass	filters,	followed	by	a	half-wave	rectification,	low-pass	filtering	and	adaptive	gain	control	[38].	This	complete	preprocessing	was	applied	to	each	individual	sound	before	being	fed	into	the	network	as	X(f,t).The	artificial	neural	network	was	structured	as	a	three-layer	autoencoder	[39].	The	input	to	the	network	was	the	processed	spectrogram,	X(f,t).	Each	first	layer
unit	operated	on	this	time-frequency	representation	using	a	spectro-temporal	filter	am(t)=∑f=1N ∑τ=0LD−1X(f,t−τ)ϕm(f,τ),where	am(t)	is	the	response	of	input	unit	m,	ϕm(f,τ)	is	its	spectro-temporal	filter	and	LD	is	its	filter	duration.	The	activation	of	each	input	unit	was	scaled	to	have	unit	standard	deviation	to	help	with	optimization.	This	was	done	for	each	individual	sentence,	though	the	rescaling	could	instead	be	done	on	the	next	layer's	input	weight	matrix,	if	desired.	The	number	of	units	in	the	first	layer	was	chosen	to	be	100	and	τ	ranged	from	0	to	99 ms,
yielding	a	completely	causal	filter	with	100 ms	duration.	The	middle	layer	performed	a	weighted	linear	combination	of	the	first	layer	responses	followed	by	a	pointwise	threshold	nonlinearity	ri(t)=max(wi⋅a(t)+βi,0).Here,	ri(t)	is	the	response	unit	i,	wi	is	the	ith	row	of	the	weight	matrix	W,	a(t)	is	the	vector	of	first	layer	unit	responses,	and	βi	is	the	unit's	threshold.	The	number	of	units	in	the	middle	layer	was	set	to	80.	The	final	layer	performed	a	simple	weighted	linear	combination	of	the	middle	layer's	responses	on(t)=vn⋅r(t),where,	again,	on(t)	is	the	unit
response	and	vn	is	the	nth	row	of	the	weight	matrix	V	.	The	time-varying	gains	were	then	reconstructed	from	the	final	layer	activities	by	convolving	with	a	spectro-temporal	gain	reconstruction	kernel	and	summing	across	all	units.	Lastly,	we	applied	a	sigmoid	function	to	the	gain,	bounding	it	between	0	and	1.	g^(f,t)=σγf+∑n ∑τ=τ0τ0+LR−1 on(t−τ)ψn(f,τ)Here,	σ	is	a	sigmoid	function	(here	the	logistic	function),	γf	is	a	bias	term	for	frequency	band	f,	ψn(f,τ)	is	the	spectro-temporal	gain	reconstruction	filter	for	unit	n,	and	LR	is	the	duration	of	the	reconstruction
filters.	Although	it	is	not	required,	the	parameters	of	the	final	layer	were	taken	to	be	the	same	as	those	chosen	for	the	first	layer:	the	number	of	units	was	set	to	100,	and	the	duration	of	the	filters	was	100 ms.	In	contrast	to	the	first	layer,	however,	we	explored	several	different	ranges	for	τ,	beginning	with	the	completely	acausal	regime	of	−99	to	0 ms	where	the	reconstructed	gains	are	entirely	in	the	past,	and	sliding	the	window	to	the	completely	predictive	regime	of	0–99 ms	where	the	reconstructed	gains	are	entirely	in	the	future	(figure	2).	Also	note	that	it	is
a	common	practice	to	set	the	minimum	asymptotic	value	of	the	sigmoid	to	some	small,	non-zero	value:	g′=gmin+(1−gmin)⋅g^.	While	we	found	that	this	subjectively	offers	some	benefits,	we	have	kept	this	value	at	zero	for	sake	of	clarity.	The	number	of	units	in	each	layer	was	chosen	such	that	an	increase	provided	no	further	qualitative	benefit.	The	duration	of	the	filters	was	varied	symmetrically	from	10	to	200 ms,	and	100 ms	was	chosen	as	the	value	that	provided	the	best	overall	performance	for	all	noise	types,	though	the	differences	were	small.	Figure	2.	The
reconstruction	kernels	can	be	used	to	apply	gains	completely	in	the	past,	overlapping	the	window	used	in	detection	(causal	detection	combined	with	acausal	reconstruction),	completely	in	a	predictive	mode	where	the	detection	window	is	in	the	past	and	the	reconstruction	kernel	window	is	in	the	future	(causal	detection	followed	by	causal	reconstruction)	or	anywhere	in	between.	This	is	done	by	shifting	the	delays	of	the	reconstruction	kernel	window	while	maintaining	a	fixed	window	duration.	For	acausal	reconstruction,	the	real-time	algorithm	would	have	a
minimum	delay	given	by	the	extent	of	the	reconstruction	window	in	the	past.Download	figureOpen	in	new	tabDownload	PowerPointTo	understand	how	the	network	processed	the	signals,	we	found	it	helpful	to	break	down	the	computations	into	two	functional	phases:	a	detection	phase,	corresponding	to	the	first	and	second	layers,	and	a	gain	reconstruction	phase,	corresponding	to	the	second	and	third	layers	(figure	1).	In	this	view,	each	unit	in	the	middle	layer	can	be	said	to	perform	a	spectro-temporal	feature	detection	on	the	input	using	it	‘spectro-temporal
detection	kernel’,	defined	as	Di(f,τ)=∑m Wi,mϕm(f,τ).These	filters	are	commonly	called	spectro-temporal	receptive	fields	(STRFs)	by	auditory	neurophysiologists	and	have	been	shown	to	effectively	represent	speech	[40].	We	will	use	this	nomenclature	here	when	appropriate.	Similarly,	each	unit	in	the	middle	layer	makes	its	own	contribution	to	the	estimated	gains	using	its	‘gain	reconstruction	kernel’,	defined	as	Ri(f,τ)=∑n Vn,iψn(f,τ).For	this	reason,	we	call	our	algorithm	the	spectro-temporal	detection–reconstruction	(STDR)	algorithm.The	spectro-temporal
filters	of	the	first	and	third	layers	were	learned	using	principal	components	analysis	(PCA)	on	separate	examples	of	clean	speech	and	noise.	PCA	was	performed	on	sections	of	spectrogram	taken	by	sliding	a	100 ms	rectangular	window	with	a	stride	of	50%	of	the	window	duration.	We	used	a	total	of	100	principal	components,	50	from	clean	speech	and	50	from	noise.Optimizations	were	performed	on	a	training	set	of	100	examples,	for	speech-shaped	noise	and	babble	noise,	or	280	examples,	for	seven	noise	type	training,	of	signal	in	background	noise,	each	less
than	5 s	in	duration	and	where	ground	truth	signal	and	noise	were	known.	All	performance	metrics,	described	in	the	next	section,	were	computed	on	a	held-out	set	of	noisy	stimuli	not	seen	during	training.	The	weight	matrices,	W	and	V	,	unit	biases,	βi,	and	frequency	band	biases,	γf,	were	all	updated	in	order	to	minimize	the	mean	squared	error	between	the	estimated	gains,	g^	and	the	optimal	gains,	g~	computed	as	E=1NT ∑t=1T ∑f=1N (g~(f,t)−g^(f,t))2and	g~(f,t)=|Slin(f,t)||Xlin(f,t)|.Here,	g~	is	the	optimal	time-frequency	gain	that	maps	the	linear	noisy
spectrogram	Xlin	(i.e.	pre-logarithm)	to	the	linear	clean	spectrogram	Slin.	T	is	the	total	number	of	time	points.	Parameters	were	updated	using	gradient	descent	and	optimization	ceased	when	the	error	had	increased	for	five	consecutive	iterations	on	a	held-out	portion	of	10%	of	the	training	data.	All	filter	weights	were	initialized	to	small,	uniform	random	values	centred	on	zero.	The	range	for	the	weights	was	chosen	using	the	‘normalized	initialization’	heuristic	from	[41],	which	has	been	shown	to	alleviate	discrepancies	in	learning	between	layers	and	to	perform
well	in	simulations	with	deep	networks.	The	biases	were	all	initialized	to	zero.	Only	one	random	initialization	was	done,	as	multiple	randomizations	produced	qualitatively	similar	results.We	assessed	the	performance	of	our	algorithm	using	objective	measures	of	sound	quality	and	speech	intelligibility.	Sound	quality	was	quantified	using	three	composite	ratings	as	proposed	by	Hu	&	Loizou	[42].	These	three	ratings	predict	the	subjective	evaluations	of	normal	hearing	listeners	for	the	speech	distortion,	background	noise	intrusiveness	and	overall	quality	of	a
processed	sound.	These	three	ratings	are	obtained,	in	turn,	from	linear	combinations	of	four	other	objective	measures:	the	segmental	SNR	[43],	the	weighted	spectral	slope	[44],	the	log	likelihood	ratio	[45]	and	the	perceptual	estimate	of	sound	quality	[46].	The	three	ratings	showed	correlations	of	0.73,	0.64	and	0.73	between	objective	and	subjective	quality	judgements	along	each	of	the	corresponding	three	dimensions	(speech,	background	and	overall).	Code	for	the	algorithms	was	downloaded	from	gauge	speech	intelligibility,	we	used	the	short-time	objective
intelligibility	(STOI)	rating,	which	measures	the	similarity	between	time-frequency	representations	of	the	clean	speech	and	the	processed	noisy	speech	[47].	This	measure	was	shown	to	significantly	correlate	with	subjective	reports	of	speech	intelligibility,	with	a	correlation	coefficient	of	0.92	for	speech	processed	using	SMNR	techniques.	Code	for	STOI	was	downloaded	from	determine	if	the	performance	of	our	STDR	algorithm	was	significantly	better	than	either	the	unfiltered	noisy	signal	or	a	comparison	algorithm	(the	EM	algorithm),	we	used	a	linear	mixed-
effects	model.	Both	the	comparison	algorithm	and	the	mixed-effects	model	are	described	in	more	detail	in	the	electronic	supplementary	material,	Methods.Normalized	performance	values	shown	in	figures	5	and	7	were	computed	as	NPalg=100×Palg−PunfiltPopt−Punfilt.Here,	Palg	is	the	performance	of	a	particular	algorithm,	Punfilt	is	the	metric	computed	on	the	noisy	speech	signal	and	Popt	is	the	optimal	performance	using	time-frequency	gains,	g~(f,t)	Thus,	the	normalized	performance	of	the	unfiltered	noisy	speech	is	set	to	0,	the	optimal	performance	is	set
to	100	and	a	specific	algorithm's	performance	is	the	percentage	of	improvement	over	the	unfiltered	noisy	speech	on	any	particular	metric	that	the	algorithm	could	hope	to	achieve.As	described	in	the	Methods,	we	developed	a	novel	algorithm	for	SMNR	called	STDR.	STDR	relies	on	the	detection	of	spectro-temporal	features	that	are	useful	for	separating	signal	from	noise	and	uses	those	detections	to	adjust	time-varying	gains	on	each	frequency	band	in	a	predictive	manner.	In	the	Results	section,	we	further	describe	how	the	algorithm	works	by	examining	the
role	of	its	components	in	specific	speech-in-noise	situations	and	compare	its	performance	to	the	EM	algorithm.As	we	will	further	describe	below,	our	algorithm	showed	improvements	on	most	of	the	metrics	we	tested	across	a	wide	range	of	input	SNR	when	compared	with	both	the	unfiltered	sound	and	the	sound	processed	by	the	EM	algorithm.	STDR	achieves	this	feat	by	detecting	characteristic	structure	in	both	the	signal	and	the	noise	and	attempting	to	maintain	high	gains	in	signal-heavy	regions	of	the	time-frequency	plane	and	to	decrease	the	gains	in	noise-
heavy	regions.	This	‘push–pull’	action	manifests	in	learned	detection	and	reconstruction	gain	filters	that	can	clearly	be	interpreted	as	signal-selective	and	noise-suppressive	units.	Figure	3	shows	four	example	units	trained	on	speech	from	a	single	speaker	embedded	in	babble	noise.	The	first	unit	(figure	3c)	functions	primarily	to	suppress	noise.	The	detection	filter	is	strongly	inhibited	by	the	broadband	onsets	and	more	sustained	energy	in	high	frequencies	that	are	characteristic	of	isolated	speech.	When	the	unit	is	not	inhibited,	it	yields	a	broadband	negative
gain	suppressing	sound.	The	other	three	units	select	for	specific	speech	features,	with	sparse	activations	that	are	non-zero	only	when	their	particular	feature	is	present	in	the	stimulus.	The	filter	of	the	second	unit	(figure	3d)	detects	short	bursts	of	high-frequency	power	often	associated	with	fricatives	in	speech.	The	reconstruction	gain	is	almost	a	perfect	match	to	the	detection	filter	boosting	those	specific	sections	of	the	speech	signal.	The	filter	of	the	third	unit	(figure	3e)	detects	coarse	power	in	the	mid-frequencies	with	some	harmonic	structure.	The	filter	of
the	fourth	unit	(figure	3f)	is	highly	specific,	responding	selectively	to	the	harmonic	structure	of	the	trained	speaker's	voice.	The	detection	filters	and	reconstruction	gain	filters	for	all	units	are	shown	in	the	electronic	supplementary	material,	figure	S1.	In	general,	there	was	a	consistent	dichotomy	between	noise-suppressive	and	signal-selective	units	with	a	continuum	of	filter	types	within	each	category.	Figure	3.	Individual	units	in	the	network	detect	and	reconstruct	different	types	of	spectro-temporal	features.	(a)	A	spectrogram	of	the	sentence	‘The	teapot	was
very	hot’.	(b)	A	spectrogram	of	the	sentence	from	(a)	added	to	babble	noise	at	0 dB	SNR.	(c–f)	Example	responses	from	four	individual	units	showing,	for	each,	its	detection	filter	(top	left),	its	thresholded	activation	in	response	to	the	spectrogram	in	(b)	(top	right),	its	gain	reconstruction	filter	(bottom	left),	and	the	resulting	reconstructed	gains	(bottom	right).	For	the	filters	and	reconstructed	gains,	blue	represents	a	decrease	in	gain	value,	whereas	orange	represents	an	increase	in	gain	value.	(c)	This	unit	predominately	lowers	the	gain	on	noisy	periods	and	is
strongly	inhibited	by	the	broadband	onsets	of	speech.	(d)	This	unit	detects	power	and	reconstructs	gains	in	the	mid-range	frequencies	with	additional	selectivity	for	specific	harmonic	structure.	(e)	This	unit	detects	sharp	onsets	in	the	high	frequencies,	a	feature	present	only	in	the	consonants	of	the	foreground	speech.	(f)	This	unit	shows	strong	selectivity	for	the	specific	harmonics	of	the	trained	speaker.Download	figureOpen	in	new	tabDownload	PowerPointBy	using	an	array	of	individual	units	with	different	feature	selectivity	learned	from	a	representative
dataset,	the	algorithm	is	able	to	produce	accurate	reconstructions	to	novel	noisy	stimuli.	We	tested	the	performance	of	our	algorithm	using	sentences	from	the	HINT	embedded	in	two	types	of	background	noise:	speech-shaped	noise	and	babble	noise.	The	STDR	algorithm	was	trained	on	a	set	of	100	sentences	from	either	one	or	16	individuals,	chosen	randomly	from	a	large	database	of	speakers,	at	0 dB	SNR	(see	electronic	supplementary	material,	Methods).	Figure	4	shows	the	performance	of	the	STDR	algorithm	on	a	novel	sentence	from	speaker	1	when
trained	on	speech	from	one	speaker	(figure	4c,e)	and	16	speakers	(figure	4d,f).	A	few	features	stand	out	when	looking	at	the	time-frequency	gains.	First,	it	captures	precisely	the	low-frequency	harmonics	corresponding	to	the	speaker's	pitch.	This	effect	is	much	stronger	when	the	algorithm	was	trained	only	on	the	speaker	shown,	but	is	still	also	present	when	trained	on	16	speakers	(figure	4c,d,	inset).	Second,	the	STDR	algorithm	reconstructs	the	slowly	changing	spectro-temporal	contours	of	stimulus	power	in	the	formants.	This	is	evident	in	the	dark	regions	in
the	low-to-mid	frequencies.	Third,	it	precisely	amplifies	the	high-frequency	power	found	in	many	consonants.	Because	this	level	of	high-frequency	power	is	transient	and	only	present	in	the	speech	itself,	it	represents	a	very	specific	cue	for	clean	speech	and	is	robustly	detected.	Lastly,	the	temporal	structure,	in	general,	of	the	voice	is	very	reliably	detected,	demonstrated	by	the	strong	onsets	and	offsets	in	gains.	Sound	files	for	both	the	noisy	speech	and	the	denoised	estimates	can	be	found	in	the	electronic	supplementary	material.	Figure	4.	An	example	of
filtering	by	the	STDR	algorithm	when	trained	on	one	or	16	speakers	in	stationary	speech-shaped	noise.	(a)	A	spectrogram	of	the	sentence	‘School	got	out	early	today’.	(b)	A	spectrogram	of	the	same	sentence	after	the	addition	of	speech-shaped	noise	at	0 dB	SNR.	(c)	The	predicted	time-frequency	gains	generated	by	a	model	trained	only	on	the	speaker	of	the	sentence.	(d)	The	predicted	time-frequency	gains	generated	by	a	model	trained	on	16	different	speakers,	including	the	speaker	of	the	sentence.	The	resulting	gains	in	(c,d)	are	similar	with	similar	coarse
spectral	and	temporal	structure.	Differences	between	the	two	are	found	in	their	finer	spectral	structure:	the	model	trained	with	only	a	single	speaker	shows	more	finely	resolved	harmonic	structure	(inset),	indicating	that	the	model	is	more	finely	tuned	to	the	speaker's	characteristic	pitches	and	pitch	transitions.	(e,f)	The	resulting	estimated	clean	speech	spectrogram	obtained	by	applying	the	gains	from	(c)	and	(d),	respectively,	to	(b).Download	figureOpen	in	new	tabDownload	PowerPointTo	quantify	the	performance,	we	processed	15	novel	sentences	from	each
trained	speaker	at	seven	different	SNRs	and	then	computed	several	objective	measures	of	performance	that	have	been	used	in	the	field	(see	Methods).	Note	that	the	algorithm	was	only	trained	at	0 dB	SNR	and	that	our	performance	quantification	not	only	uses	novel	sentences,	but	also	a	range	of	SNR	around	0.	To	assess	the	intelligibility	of	the	processed	speech,	we	computed	the	STOI	measure	[47].	Our	STDR	algorithm	showed	slight	but	significant	improvements	on	this	measure	over	the	unfiltered	noisy	speech	(0.03	(p
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